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ABSTRACT 
The grounding system in a substation is used to protect personnel and equipment. 
When there is fault current injected into the ground, a well-designed grounding sys-
tem should disperse the fault current into the ground in order to limit the touch poten-
tial and the step potential to an acceptable level defined by the IEEE Std 80. On the 
other hand, from the point of view of economy, it is desirable to design a ground grid 
that minimizes the cost of labor and material. To design such an optimal ground grid 
that meets the safety metrics and has the minimum cost, an optimal ground grid appli-
cation was developed in MATLAB, the OptimaL Ground Grid Application (OL-
GGA).  
In the process of ground grid optimization, the touch potential and the step poten-
tial are introduced as nonlinear constraints in a two layer soil model whose parameters 
are set by the user. To obtain an accurate expression for these nonlinear constraints, 
the ground grid is discretized by using a ground-conductor (and ground-rod) segmen-
tation method that breaks each conductor into reasonable-size segments. The leakage 
current on each segment and the ground potential rise (GPR) are calculated by solving 
a matrix equation involving the mutual resistance matrix. After the leakage current on 
each segment is obtained, the touch potential and the step potential can be calculated 
using the superposition principle. 
A genetic algorithm is used in the optimization of the ground grid and a pattern 
search algorithm is used to accelerate the convergence. To verify the accuracy of the 
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application, the touch potential and the step potential calculated by the MATLAB ap-
plication are compared with those calculated by the commercialized grounding system 
analysis software, WinIGS. 
The user's manual of the optimal ground grid application is also presented in this 
work. 
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1 INTRODUCTION 
1.1 Overview 
The purpose of installing a ground grid in a substation or a power plant is to pro-
tect humans and equipment when there are fault currents injected into the ground. The 
fault current injected into the ground generates a voltage gradient at the earth’s sur-
face, so, on the surface of the ground, the voltage at one point would be different from 
the voltage at another point due to the resistive-voltage drop caused by the current 
flow. The voltage difference between a point that is in the substation or the power 
plant and the remote earth would also be generated by the fault current. This voltage 
difference is called the touch potential. The touch potential and the step potential that 
violates the design requirement would harm a person or equipment in the substation 
or the power plant. 
According to IEEE Guide for Safety in AC Substation Ground [1], the touch po-
tential and the step potential limits are given by equations. These limits depend on the 
soil parameters and the fault current magnitude and the duration of the fault. A well 
designed ground grid can disperse the fault current into the earth so that the voltage 
distribution on the surface of the earth will be more uniform, reducing the touch po-
tential, the step potential, the ground resistance to the remote earth, and thus satisfy 
the safety requirement specified by [1]. 
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The safety requirement is not the only thing that needs to be considered when de-
signing a ground grid. Cost must also be considered. The objective is to minimize ma-
terial and labor cost by using the fewest number of conductors and ground rods to 
build a ground grid that satisfies the safety requirement. Therefore we need to opti-
mize the design of the ground grid.  
An application that can be used to optimize ground grids has been developed by 
three students, including the author. The application can support four shapes of 
ground grids (square, rectangular, L-shaped, and trapezoid). The method that is used 
to calculate the touch potential, the step potential and the ground resistance to the re-
mote earth in this project is a numerical method based on a computer program written 
in MATLAB code. The optimization algorithms that are used in this project are the 
Genetic Algorithm and Pattern Search. They are chosen because the optimization 
problem is nonlinear and the design variables are integers. Also we cannot guarantee 
that the optimization problem is convex. 
1.2 Literature Review 
In industry, the use of a two layer soil model is generally considered to be a good 
approximation of non-homogeneous soil [2]. The method used to make measurements 
from which a two layer soil model can be constructed is called the Wenner Method or 
Four-Pin method and is described in Sunde's book [2]. Wu [20] implemented this 
method to make an application that can build a two layer soil model from field data. 
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The method of building a two layer soil and its validation will not be discussed in this 
work. 
Equations exist that allow one to calculate the touch potential and step potential 
for a ground grid built upon a two layer soil model. There are basically two ways of 
calculating the touch potential and the step potential. One way is using empirical, 
closed form equations [1]. The other way is to use a numerical method based on a 
computer simulation [3] [4] [5]. The first way [1] was the best that could be done for 
many years but, today, is considered by some to not be accurate enough to meet the 
safety requirements reliability standards. After computer programming became popu-
lar, the numerical approach has been widely used in ground grid analysis and for this 
purpose, ground grid design software, such as WINIGS, was created [14]. It should be 
noted that one drawback to WINIGS is that it does not have the capability of perform-
ing ground grid optimization. The numerical approach was used in this work to calcu-
late the safety metrics, including the touch potential, the step potential, and the ground 
resistance.  
To perform the calculations of the safety metrics using the numerical method, the 
first step that needs to be performed is conductor segmentation. The idea of segmenta-
tion was proposed by F. Dawalibi [6]. The leakage current forms a current density 
field in the soil. The potential at each point in the soil depends on the distribution of 
the current density field. The current density field satisfies a linear equation of the 
current density field in the literature [12]. This suggests the superposition principle 
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can be used to calculate the current distribution generated by all leakage current on 
the whole ground grid by summing over the current distributions generated by the 
leakage current on each segment. 
In many textbooks, the Green's function is defined to be the field excited by a 
point source under certain boundary conditions. Because the earth resistivity is con-
stant (within each layer) and not a function of current, Green's functions can be used 
along with the superposition principle. 
A. P. Meliopoulos proposed explicit a Green's function expression for solution of 
the current field differential equation in a two layer soil model, which is expressed as 
an infinite series [12]. Two methods to calculate the voltage induced by the current 
leaking from each segment are given in the SOMIP [13]. The first method assumes 
the dimensions of the conductor segment under study can be neglected so that the seg-
ment can be treated as a point source. The second method is to integrate the Green's 
function multiplied by the leakage current density along the line segment to get the 
voltage induced by the leakage current of that segment. 
A complex image method was invented by Y. L. Chow [7] to reduce the series of 
the Green's function into the summation of a finite number of terms. Many research-
ers have used this method [8][9][10][11]. 
In the ground grid optimization application described in this work, the equations 
proposed by A.P. Meliopoulos [12] were used to calculate the safety metrics for 
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square grids, rectangular grid, and L-shaped grids. Equations for calculating the mu-
tual resistance between any two conductor segments that are parallel or orthogonal 
with any one of the axes was also provided in [12]. 
Triangular ground grid analysis was done in [15]. However, the author used stair-
step-shaped conductors to approximate the hypotenuse of the trapezoidal ground grid, 
which was viewed to possibly be problematic. 
Once to the equation for calculating the safety metrics are derived, the optimiza-
tion algorithms need to be selected. The optimization of a ground grid is a nonlinear 
mixed integer problem, with some nonlinear constraints, which are the safety metrics, 
i.e., the touch potential, the step potential and the ground resistance to the remote 
earth. Additionally, we cannot guarantee that the problem is convex. Traditional de-
terministic optimization algorithms cannot be used. Instead, the Genetic Algorithm 
(GA), a heuristic algorithm developed by J. Holland [16], was used in the application. 
Genetic Algorithms are probably the most popular evolutionary algorithms in terms of 
the diversity of their applications [17]. Ground grid optimization was studied using 
the GA in [18] and [19]. Pattern search has been used with GA to get the solution of 
the optimization in [20] and [21]. 
Research on the optimization of ground grids with non-uniform grid meshes was 
perform by [19]; however, the meshes in this work were restricted to having uniform 
size. 
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1.3 The Objective 
The objective of this project is to develop a software application that can optimize 
the design of the ground grids with different shaped footprints, including square, rec-
tangular, L-shaped, and trapezoid. The optimized ground grid must satisfy the safety 
requirements, which include the following items: 
1. The touch potential must be lower than the maximum allowable value calcu-
lated from the equation in IEEE Std 80-2000 [1] 
f
allowabletouch
t
E
116.0
)5.11000(_   
(1.1) 
where ρ is the upper soil earth resistivity and tf is the time duration of the fault. 
2. The step potential must be lower than the maximum allowable value calculated 
from the equation in IEEE Std 80-2000 [1] 
f
allowablestep
t
E
116.0
)61000(_   
(1.2) 
where ρ is the upper soil earth resistivity and tf is the time duration of the fault. 
3. The ground resistance to the remote earth must be lower than 0.5 Ω. 
Other design requirements, such as the minimum allowable mesh dimension, the 
maximum mesh dimension, the minimum number of ground rods, the minimum sepa-
ration distance between adjacent ground rods, are provided by Salt River Project 
(SRP). 
Since the equations used for calculating the earth potential induced by a conductor 
segment with an arbitrary orientation in a horizontal plane could not be found by the 
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author, the author has to derive the required equations from the Green's functions pro-
vided in [12] in order to deal with the trapezoidal ground grids. Two numerical inte-
gration methods to calculate the mutual resistance between any two conductor seg-
ments in any direction in a horizontal plane are used to calculate the mutual resistance 
matrix for the trapezoidal ground grids. 
1.4 Thesis Organization 
There are six chapters in the thesis including the introduction chapter and the con-
clusion chapter. The mathematical model used to calculate the safety metrics, the re-
sults of program validation, a short introduction on the optimization algorithms, and a 
user's manual of the Optimal Ground Grid Application are presented. 
Chapter 2 presents the mathematical method used to calculate the touch potential, 
the step potential, and the ground resistance to the remote earth. These quantities are 
used as constraints in the optimization statement. 
Chapter 3 presents the idea of self-consistency, and the validation of our applica-
tion by comparing the results of our application with the results of WINIGS, a com-
mercialized ground grid design software. 
Chapter 4 presents a short introduction of the Genetic Algorithm and Pattern 
Search, and the description of the optimization of ground grids, including the objec-
tive function and constraints. Chapter 5 is the conclusion. 
The appendix is the user's manual of Optimal Ground Grid Application.  
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2 MATHEMATICAL MODELS 
This section presents the method by which the touch potential, the step potential 
and the ground resistance to the remote earth are calculated. An introduction to the 
two-layer soil model is given in the first section and the process of calculating the 
safety metrics is discussed in the following sections. 
2.1 The Two Layer Soil Model 
The two layer soil model is shown in Fig 2.1. 
D Upper Layer Soil Earth Resistivityρ1
Lower Layer Soil Earth Resistivityρ2
Air y
x
z
 
Fig 2.1 Two Layer Soil Model 
 
The parameters ρ1, ρ2, and D are the parameters that best fit the apparent earth re-
sistance. The least-square regression method that was used to obtain these parameters 
is presented in [20]. 
9 
2.2 Ground Grid Model 
According to IEEE standard, a ground grid is defined to be “a system of horizon-
tal ground electrodes that consists of a number of interconnected, bare conductors 
buried in the earth, providing a common ground for electrical devices or metallic 
structures” [1]. In this work, the ground grid contains horizontal conductors and verti-
cal ground rods. The horizontal conductors are bare conductors and form a ground 
mat, which is also defined in the IEEE standard [1]. The ground rods are bare conduc-
tors that must at least be placed on each corner of the ground grid, according the SRP 
ground grid design requirement for placing ground rods, BI03.05 [23]. The ground 
rods are evenly spaced along the outer grid perimeter, not less than one rod length 
apart [23]. The top of the ground rod is connected with the ground mat, so the depth 
of the top tip of the ground rod is the same as the depth of the ground mat. The inter-
nal resistance of the ground grid is neglected. 
2.2.1 Ground Grid Segmentation 
As a simple example, suppose we wish to calculate the earth potential induced by 
the current leaking from a conductor along the x-axis buried in the uniform soil with 
its center at the origin, as shown in Fig 2.2.  
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2a
2L
x
 
Fig 2.2 A Conductor along the x-Axis 
To calculate such a potential, we need to know the leakage current density on this 
conductor, and that is obtained by solving the following equation from [2], 


2/
2/
2/122 ])[(0
L
L
du
du
dI
aux
dx
d
 
(2.1) 
where L is the length of the conductor, a is the conductor radius, and dI/du is the leak-
age current density. 
The restriction on the total leakage current Itotal on this conductor is 

2/
2/
L
L
total du
du
dI
I  
 
(2.2) 
One will soon find that no closed form solution for the leakage current density can 
be found for this equation. But such a problem can be solved numerically. 
To obtain accuracy, we divide the conductor into N segments, each with a uniform 
length that is sufficiently short compared to the total length of the conductor. Suppose 
that the mutual resistance between the ith conductor segment and the jth conductor seg-
ment is Rij, and the self-resistance of the i
th conductor segment is Rii. The Rij is calcu-
lated as the average potential on the ith conductor segment induced by the leakage cur-
rent on the jth conductor segment and Rii is calculated as the average potential induced 
by the leakage current on the surface of the ith conductor segment itself. According to 
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the definition in Sunde's book [2], the mutual resistance is the same regardless of 
which conductor segment is the primary, and it only applies to linear circuits, in 
which the mutual resistance does not depend on the current. This means that we can 
exchange the two indices of Rij without changing its value. 
By the definition above, we can express the average voltage of the ith conductor 
segment in terms of its self-resistance, the mutual resistance between the ith conductor 
segment and other conductors, and the leakage current on each conductor, 



N
j
jiji IR
1
  
 
(2.3) 
where i  is the average votlage of the i
th conductor, and Ij is the leakage current on 
the jth conductor and N is the number of conductor segments in the model. 
Because the resistivity of the conductor is neglected, the average potential of each 
conductor segment must be the same. Writing the above equation in a matrix form 
one obtains, 













































NNNNN
N
N
I
I
I
RRR
RRR
RRR
2
1
21
22221
11211
 
 
(2.4) 
where the element in the column vector on the right-hand side of the equation is the 
potential of the conductor. The N by N matrix on the left hand side is called the mu-
tual resistance matrix. The method by which its entries are calculated in a two-layer 
soil model is presented in the following sections. 
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One may notice immediately that the matrix equation (2.4) has N+1 unknown var-
iables, but only N independent equations are written. The reason is that we did not 
take the restriction on the total current into consideration. Another equation is needed 
which constrains the total current injected into the earth to be equal to the fault cur-
rent, 
total
N
j
j II 
1
 
  
 
(2.5) 
This equation and the matrix equation is combined into another matrix equation, 
and after some algebraic manipulation, we have, 
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(2.6) 
By solving this equation, the leakage current on each conductor segment and the 
potential of the conductor can be determined. Once the leakage current distribution 
has been determined, we can calculate the earth potential induced by this current 
distribution at any point in the soil by using the Green's function, which will be 
presented in the following sections. 
13 
2.2.2  The Green's function in a Two Layer Soil Model 
The Green's function allows us to find the potential induced by a unit point source. 
In a two-layer soil model, the literature [12] presents the necessary Green's function. 
In order to implement the equations more conveniently, a new convention is used to 
label the regions and the parameters of the two-layer soil model, and is shown in Fig 
2.3. 
D Upper Layer Soil Conductivity σ2
Lower Layer Soil Conductivity σ1
Air y
x
z
Conductivity σ3
 
Fig 2.3 Two Layer Soil Model with 3 Regions
 
In Fig 2.3, D is the depth of the surface between the upper layer and the lower 
layer, and σ1 is the conductivity of the soil of in the lower layer, σ2 is the conductivity 
of the soil of in the upper layer, and σ3 is the conductivity of the air and it is assumed 
to be zero. 
Given the Bessel function of the first kind, J0(x), if a point source of unit intensity 
is located on the z-axis is in the upper layer of soil, as shown in Fig 2.4, 
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Fig 2.4 The Source Point in the Upper Layer Soil 
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(2.7) 
for the field point (r, z) in the upper layer of soil, and 
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2
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(2.8) 
for the field point (r, z) in the lower layer of soil, and 


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(2.9) 
for the field point (r, z) in the air, where the unknown functions φ(k), θ(k), Ω(k), and 
ψ(k) must be found using the boundary conditions at the two boundaries z=0 and z=D, 
namely, the potential at the boundary and the current density normal to the boundary 
on each side of the boundary must be continuous. 
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After the four unknown functions are found using the boundary conditions and are 
substituted into the expressions of the Green's function, and after the terms with expo-
nential functions are expanded into a series in order to facilitate calculation, then, by 
the identity 
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(2.10) 
(2.7) and (2.8)1 can be rewritten as, 
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(2.11) 
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(2.12) 
where the Kij values in (2.11)and (2.12) are obtained from solution of the Green's 
functions 
                                                 
1 There are typos in the equation, which is labeled as A-28, in page A-7 of the literature [12], including the 
misplacement of a square bracket, which makes the dimension of the equation incorrect; the sign between z and Z1 
in the denominator of the second last series should be plus, instead of minus; the sign between Z1 and 2iD in the 
denominator of the last series should be minus instead of plus. If these were not typos, the equation wouldn't match 
the equation A-51b in the literature [12], which is derived from equation A-7. The typo is corrected in the presen-
tation here. 
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We are not interested in rewriting (2.9), because that is the equation for a field 
point above the earth’s surface. 
By a similar process, the expressions of the Green's function for a point source of 
unit intensity in the lower soil layer, as shown in Fig 2.5, are 
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(2.13) 
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(2.14) 
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Fig 2.5 The Source Point in the Lower Layer Soil 
Equations (2.11), (2.12), (2.13) and (2.14) are the expressions for the voltages a 
point (r, z) obtained by using Green's functions in a two layer soil model. They are 
used to derive the equations for the earth potential, the mutual resistance, and the self-
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resistance. The series in these equations represents the effect of the images of the 
point source due to the stratification of the soil. 
2.3 The Mutual Resistance Matrix Line-Line Model 
In order to solve the matrix equation (2.6) for the leakage current on each conduc-
tor segment, the elements in the mutual resistance matrix, Rij, need to be calculated 
first. The result of the mutual-resistance calculation should be accurate and the execu-
tion time should be acceptable, hence two ways of modeling the mutual resistance are 
used. They are the line-line model and the point-point model.  
The criterion that is used to choose which model is used is based on the distance 
between the centers of the two conductor segments. If the distance between centers of 
the two conductor segments is less than the arithmetic average of the lengths of the 
two conductors, the line-line model is used; otherwise, the point-point model is used. 
In other words, if the two conductor segments are “close,” we use the line-line model. 
The line-line is always used to calculate the self-resistance of each conductor seg-
ment. In this section, the line-line model is presented. 
To make the concept clearer, we may write the Green's function in a more general 
form 
),,;,,( AAABBB zyxzyxG  (2.15) 
where (xA, yA, zA) is the coordinate of the source point, and (xB, yB, zB) is the coordi-
nate of the field point, as shown in Fig 2.6. So according to the definition of the 
18 
Green's function, (2.15) is the potential at point B induced by a point source of unit 
intensity at point A. 
Point A
Point B
 
Fig 2.6 The Source Point and the Field Point 
Assume that the leakage current IA is uniform on the conductor segment A, the 
leakage current density on the conductor segment A is IA/LA, where LA is the length of 
the conductor segment A. As shown in Fig 2.7, according to the definition of the 
Green's function, the line integration of the product of the leakage current density and 
the Green's function gives the earth potential induced by the leakage current on the 
conductor segment A at the field point (xB, yB, zB) 

AL
AAAABBB
A
A
BBB dLzyxzyxG
L
I
zyxV ),,;,,(),,(  
(2.16) 
Point A
Point B
Segment A
V(xB, yB, zB)
 
Fig 2.7 The Segment and the Field Point 
The line integration of (2.16), along the conductor segment B divided by the 
length of the conductor segment B, LB, gives the average potential of the conductor 
segment B induced by the leakage current on the conductor segment A, as shown in 
Fig 2.8.  
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Fig 2.8 Two Segments 
Divide the average potential on the conductor segment B by the leakage current 
on conductor segment A, we have the mutual resistance RBA, which is expressed in 
terms of the Green's function as 
 
B AL L
AAAABBBB
BA
BA dLzyxzyxGdL
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(2.17) 
As shown in (2.17), the general formula of the mutual resistance looks concise, 
but if we substitute the exact expressions of the Green's function (2.11), (2.12), (2.13), 
(2.14), and consider the different orientations of the two conductor segments placed in 
different regions of the two-layer soil, the expression of the mutual resistance turns 
out to be quite long. 
Literature [13] shows the equations that are used to calculate the mutual resistance 
between any two conductor segments that are parallel to the x-, y-, or z-axis. There 
are many possible configurations of the two conductors, because the two conductor 
segments may be in different layers of the soil and may be parallel to different axes. 
The mutual resistance, however, does not depend on what coordinate-system we 
choose. In another words, if we have a conductor segment A along the y-axis, and a 
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conductor segment B along the z-axis, we can rotate the coordinate system about the 
z-axis so that after the rotation conductor segment A is along x-axis, but the mutual 
resistance between the two segments does not change after the rotation of the coordi-
nate system. By virtue of the coordinate independence of the mutual resistance, we do 
not have to write down the equation for the mutual resistance of a conductor segment 
along the y-axis and a conductor segment along the z-axis, if we already have the 
equation for the mutual resistance between a conductor segment along the x-axis and 
a conductor segment along the z-axis. Note that we cannot rotate our coordinate sys-
tems about the y or x axes as the orientation with respect to being parallel or orthogo-
nal to the layer interfaces must be preserved2. 
Based on the coordinate independence of the mutual resistance introduced (and as 
limited) in the previous paragraph, the required equations for the mutual resistance 
that need to be written down are greatly reduced.  
Assume that the coordinate of the center of segment A or the image of segment A 
is (XA, YA, ZAi), where the index i is used to indicate that ZAi is the z coordinate of the 
ith image of the segment A, and the coordinate of segment B is (XA, YA, ZB). Assume 
that LA is the length of segment A and LB is the length of segment B. Because there 
are an infinite number of images of segment A, the expression of the mutual re-
                                                 
2 According to literature [13], rotation about the x and y axis is used for ground rod and does not introduce 
significant errors. 
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sistance includes a series with an infinite number of terms. When the conductor seg-
ment A is parallel to the conductor segment B, the process to calculate the mutual re-
sistance RBA is shown below. 
If segment A and segment B are both parallel to the x-axis, according to literature 
[13], the difference between the coordinate of the centers of the two segments are 
AB XXX   (2.18) 
AB YYY   (2.19) 
AiB ZZZ   (2.20) 
If segment A and segment B are both parallel to the y-axis, the difference between 
the coordinates of the centers of the two segments is written as[13] 
AB YYX   (2.21) 
AB XXY   (2.22) 
AiB ZZZ   (2.23) 
If segment A and segment B are both parallel to the z-axis, the difference of be-
tween the coordinate of the centers of the two segments is written as [13] 
AiB ZZX   (2.24) 
AB YYY   (2.25) 
AB XXZ   (2.26) 
In order to simplify the equations, some intermediate variables are defined in the 
following equations [13], 
22 
where HLA is half of the length of segment A, LA, and HLB is half of the length of 
segment B, LB. 
Because the two segments are parallel, according to the variables defined in 
(2.19), (2.20), (2.22), (2.23), (2.25) and (2.26) the square of the distance between the 
two segments is:  
22 ZYYZSQR   (2.31) 
When YZSQR is less than 10-6 m2, the individual term, denoted by PARL, in the 
series in the expression of the mutual resistance between two parallel segments, such 
as (2.34), is calculated by the use of the following equation, omitting the dependence 
on HLA and HLB [13], 
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(2.32) 
When any of the Xi (i=1, 2, 3 ,4) is less than 10
-6, the corresponding Xi ln(|Xi |) 
term should be removed from equation (2.32), because when the terms Xi ln(|Xi |) are 
small compared to other terms, they can be neglected. 
HLAHLBXX 1  (2.27) 
HLAHLBXX 2  (2.28) 
HLAHLBXX 3  (2.29) 
HLAHLBXX 4  (2.30) 
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When YZSQR is greater than 10-6, the individual term PARL should be calculated 
according to the following equation, omitting the dependence on HLA and HLB [13], 
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(2.33) 
Now, we have the equations to calculate the terms in the series of the expression 
of the mutual resistance for two conductors segments that are parallel to each other 
and are parallel to the x-, y-, or z-axis. The expression of the mutual resistance is writ-
ten as the followings, in terms of PARL. 
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Fig 2.9 Two Parallel Segments in the Lower Layer 
When the two segments are both in the lower layer of soil, as shown in Fig 2.9, 
the mutual resistance term is given by [13], 
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(2.34) 
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where  
DiZZ AAi )1(2
)1(   (2.35) 
iDZZ AAi 2
)2(   (2.36) 
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Fig 2.10 Segment A in the Lower Layer and Segment B in the Upper Layer 
When segment A is in the lower layer of soil and segment B is in the upper layer 
of soil, as shown in Fig 2.10, the mutual resistance term is given by[13], 
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(2.37) 
where  
iDZZ AAi 2
)1(   (2.38) 
iDZZ AAi 2
)2(   (2.39) 
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Fig 2.11 Two Parallel Segments in the Upper Layer 
When both segment A and segment B are in the upper layer of soil, as shown in 
Fig 2.11, the mutual resistance term is given by [13], 
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(2.40) 
where  
iDZZ AAi 2
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Fig 2.12 Segment A in the Upper Layer and Segment B in the Lower Layer 
When segment A is in the upper layer of soil and segment B is in the lower layer 
of soil, as shown in Fig 2.12, the mutual resistance term is given by [13], 
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(2.45) 
where  
iDZZ AAi 2
)1(   (2.46) 
iDZZ AAi 2
)2(   (2.47) 
Now we have the equations to calculate the mutual resistance when the two seg-
ments are parallel to each other and are parallel to any coordinate axis. The process of 
calculating the mutual resistance when the two conductors segments are perpendicular 
to each other is presented below. 
First, some intermediate variables are defined to simplify the equations. When 
segment A is parallel to the x-axis and segment B is parallel to the y-axis [13], 
HLAXXX AB 1  (2.48) 
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HLAXXX AB 2  (2.49) 
HLBYYY AB 1  (2.50) 
HLBYYY AB 2  (2.51) 
AiB ZZZ   (2.52) 
When segment A is parallel to the y-axis and segment B is parallel to the x-axis 
HLBXXX AB 1  (2.53) 
HLBXXX AB 2  (2.54) 
HLAYYY AB 1  (2.55) 
HLAYYY AB 2  (2.56) 
AiB ZZZ   (2.57) 
When segment A is parallel to the x-axis and segment B is parallel to the z-axis 
HLAXXX AB 1  (2.58) 
HLAXXX AB 2  (2.59) 
HLBZZY AiB 1  (2.60) 
HLBZZY AiB 2  (2.61) 
AB YYZ   (2.62) 
When segment A is parallel to the z-axis and segment B is parallel to the x-axis 
HLBXXX AB 1  (2.63) 
HLBXXX AB 2  (2.64) 
HLAZZY AiB 1  (2.65) 
28 
HLAZZY AiB 2  (2.66) 
AB YYZ   (2.67) 
When segment A is parallel to the y-axis and segment B is parallel to the z-axis 
HLAYYY AB 1  (2.68) 
HLAYYY AB 2  (2.69) 
HLBZZX AiB 1  (2.70) 
HLBZZX AiB 2  (2.71) 
AB XXZ   (2.72) 
When segment A is parallel to the z-axis and segment B is parallel to the y-axis 
HLBYYY AB 1  (2.73) 
HLBYYY AB 2  (2.74) 
HLAZZX AiB 1  (2.75) 
HLAZZX AiB 2  (2.76) 
AB XXZ   (2.77) 
The following intermediate variables are also defined [13], 
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(2.78) 
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where the different values for the |X| ranges mean that when the coefficients of the 
terms with the log functions are sufficiently small comparing to other terms, they can 
be neglected. 
When |Z| is greater than 0, the following intermediate variables are defined [13], 
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where the sign function is defined as, 
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Then the individual terms of the series in the expression of the mutual resistance 
can be calculated by the use of the following equation [13], omitting the dependence 
on HLA and HLB, 
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Fig 2.13 Two Perpendicular Segments in the Lower Layer 
Now we can calculate the mutual resistance when the two conductor segments are 
perpendicular to each other. When the two segments are both in the lower layer of 
soil, as shown in Fig 2.13, the mutual resistance term is given by [13], 
31 














0
)2(
321232
0
)1(
321212
1
),,;,,()(
),,;,,()(
4
1
i
BBBAiAA
i
i
BBBAiAA
i
BA
BA
ZYXZYXPERPKKK
ZYXZYXPERPKKK
LL
R

 
(2.92) 
where  
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Fig 2.14 Segment A in the Lower Layer and Segment B in the Upper Layer 
When segment A is in the lower layer of soil and segment B is in the upper layer 
of soil, as shown in Fig 2.14, the mutual resistance term is given by [13], 
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where  
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Fig 2.15 Two Perpendicular Segments in the Upper Layer 
When both segment A and segment B are in the upper layer of soil, as shown in 
Fig 2.15, the mutual resistance term is given by [13], 
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where  
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Fig 2.16 Segment A in the Upper Layer and Segment B in the Lower Layer 
When segment A is in the upper layer of soil and segment B is in the lower layer 
of soil, as shown in Fig 2.16, the mutual resistance term is given by [13], 
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(2.103) 
where  
iDZZ AAi 2
)1(   (2.104) 
iDZZ AAi 2
)2(   (2.105) 
The mutual resistance of each segment with each other segment is given by the 
off-diagonal elements of the mutual resistance matrix. The diagonal elements of the 
mutual resistance matrix give the self-resistance. According to [13], the process of 
calculating the self-resistance is presented below. 
When a segment A is parallel to the x-axis or the y-axis, the following substitution 
of coordinates is performed 
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AB XX   (2.106) 
AB YY   (2.107) 
aZZ AB   (2.108) 
where a is the diameter of the conductor segment A. 
When segment A is parallel to the z-axis, the following substitution of coordinates 
is used 
AB XX   (2.109) 
aYY AB   (2.110) 
AB ZZ   (2.111) 
Then when segment A is in the lower soil layer, the new coordinate is substituted 
into (2.34). The result of (2.34) is the self-resistance of conductor segment A and is 
put into the corresponding diagonal position of the mutual resistance matrix. 
When segment A is in the upper soil layer, the new coordinate is substituted into 
(2.40). The result of (2.40) is the self-resistance of conductor segment A and is put 
into the corresponding diagonal position of the mutual resistance matrix. 
We conclude that when the two conductor segments are parallel with the coordi-
nate axes, the mutual resistance and self-resistance can be calculated using the line-
line model, using the equations given above. They are used to calculate the self-re-
sistance and the mutual resistance when the distance between two conductor segments 
is less than the arithmetic average of the lengths of the two segments. 
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2.4 The Mutual Resistance Matrix Point-Point Model 
When the distance between the centers of the two conductor segments is greater 
than the arithmetic average of the lengths of the two segments, the point-point model 
is used to calculate the mutual resistance. Using the point-point model, the mutual re-
sistance between segment A and segment B is simply the Green's function with the 
source point at the center of segment A and the field point at the center of segment B, 
which can be found in the literature [12]. 
The following intermediate function is defined to simplify the expression of the 
mutual resistance, 
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When both segment A and segment B are in the lower layer of soil, 
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where  
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iDZZ AAi 2
)2(   (2.115) 
When segment A is in the lower layer and segment B is in the upper layer, 
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where  
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When both segment A and segment B are in the upper layer, 
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where  
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When segment A is in the upper layer and segment B is in the lower layer, 
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(2.124) 
where  
iDZZ AAi 2
)1(   (2.125) 
iDZZ AAi 2
)2(   (2.126) 
These equations are used to calculate the mutual resistance when the point-point 
model is used.  
2.5 Modeling the Non-Orthogonal Ground Grid 
A trapezoid is defined as a convex quadrilateral with at least one pair of parallel 
sides. The two sides of a trapezoid that are not necessarily parallel to each other are 
called legs. 
When dealing with a non-orthogonal ground grid, such as the trapezoidal ground 
grid, if we put the x-axis parallel with the base of the trapezoid, then the ground con-
ductors along the sides of the trapezoid are not necessarily parallel or perpendicular to 
the x-axis or the y-axis. Additionally, the conductor segment on the leg is not neces-
sarily orthogonal to the conductor segment on the base. So the equations of the line-
line model that are used to calculate the mutual resistance of any two segments de-
scribed in the previous section cannot be used when dealing with the non-orthogonal 
ground grid. 
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Alternatively, one may suggest the use of the point-point model instead of using 
the line-line model, because in the point-point model the direction of the conductor 
segment is not considered. But a comparison of this approach with a WinIGS simula-
tion has shown that if only the point-point model is used when calculating the mutual 
resistance, the relative difference between the result of the touch potential of our ap-
plication and that of WinIGS will be as large as 25%, which is not acceptable. The 
line-line model must be used. 
In this section, the equations that are used to calculate the touch potential, the step 
potential, and a numerical integration method that is used to calculate the mutual re-
sistance of a trapezoidal ground grid are presented. 
2.5.1 The Earth Potential Equation for the Trapezoidal Ground Grid 
In the literature [12], the equations that are used to calculate the earth potential in-
duced by a conductor segment that is parallel with the x-, y-, or z-axis are given. The 
equations are derived by the integration of the corresponding Green's function, listed 
in section 2.2.2, along the conductor segment. What is done in this section is similar 
to the process presented in the literature [12]; the difference is that in this section, the 
conductor segment can have any orientation in a horizontal (x-y) plane. 
Noting that in the Green's functions in section 2.2.2 the source point is put on the 
z-axis, and each term in the expressions can be written in a more general form, 
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  (2.127) 
where (x1,y1,z1) is the source point, (x2,y2,z2) is the field point, Ei is an intermediate pa-
rameter that associates the z coordinate of the ith image of the source point, and U is 
an intermediate function of z1, z2 and Ei. The specific forms of Ei and U and how they 
are used can be found in the (2.128) and the (2.131), but the specific forms of them do 
not affect the derivation of the (2.128)and the (2.131). 
By a process similar to that given in the literature [12], the integration of the 
Green's function along the conductor segment in a horizontal plane includes the inte-
gration of (2.127). Assume that the angle between this conductor segment and a line 
that is parallel with x-axis in the same horizontal plane is α, then the integration of 
(2.127) can be written as 
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(2.128) 
where (x1,y1,z1) is the coordinate of the center of the conductor segment, Lh1 is half of 
the length of the conductor segment, and the intermediate functions X and Y are de-
fined as 
 sin)(cos)( 1212 yyxxX   (2.129) 
 cos)(sin)( 1212 yyxxY   (2.130) 
By comparing the equation (2.128) with the equations in literature [12], it is easy 
to verify that by setting α to zero, equation (2.128) will reduce to the corresponding 
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equation for a conductor segment parallel to the x-axis, and by setting α to π/2, equa-
tion (2.128) will reduce to the corresponding equation for a conductor segment paral-
lel to the y-axis in the literature [12]. 
Equation (2.128) is substituted into the integration of the Green's function to de-
rive the equation that is used to calculate the earth potential induced by the leakage 
current of a conductor segment that is along any direction in a horizontal plane, 
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(2.131) 
Equation (2.131) is used when calculating the touch potential contributed by the 
leakage current on a conductor segment on the leg of a trapezoidal grid. 
Suppose there is a second horizontal conductor segment and we want to calculate 
the mutual resistance between the first horizontal conductor segment and the second 
horizontal conductor segment. Assume that Lh2 is half the length of the second con-
ductor segment, and the angle between the second conductor segment and a line paral-
lel with the x-axis in the same plane is β, and the coordinate of the center of the sec-
ond segment is (x2, y2, z2). The mutual resistance between the first segment and the 
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second segment is just the line integration of the equation (2.131) along the second 
segment from the endpoint  
(x2 - Lh2cosβ, y2 - Lh2sinβ, z2) (2.132) 
to the other endpoint 
(x2 + Lh2cosβ , y2 + Lh2sinβ , z2) (2.133) 
divided by the total length of the second segment and the leakage current on the first 
segment. 
A closed form equation of the mutual resistance is desirable, but using MATLAB 
and Mathematica, the closed form expression cannot be found. Mathematica does 
give a result of the indefinite integral of a simplified version of the equation (2.128), 
with t as the parameter of the second segment 
  dtctctc )ln(
2
3
2
21  (2.134) 
where c1, c2, and c3 are constants related with the positions and the orientations and 
the lengths of the two segments; however, if one takes the derivative of the result, it 
will not give the integrand of (2.134). Additionally, the implementation of the closed 
form result of the integration given by Mathematica yields complex mutual resistance, 
which is not acceptable. MATLAB says that (2.134) is not integrable. 
One remaining method to solve the definite integration of (2.131) along the sec-
ond conductor is to use the numerical integration method. In this work, the rectangle 
rule and Simpson's rule (both discussed below) are used to calculate the integration of 
(2.131). 
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The definite integration of (2.128) is rewritten, and after some arithmetic and trig-
onometric manipulations, we have the expression of the integration, which is a single 
term of the series of the integration of (2.131), 
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(2.135) 
where the new intermediate functions are defined as, 
)cos(1sin)(cos)( 1212   LhyyxxtNX  (2.136) 
)sin(1cos)(sin)( 1212   LhyyxxNY  (2.137) 
1sin)(cos)()cos(2 1212 LhyyxxtNX    (2.138) 
)cos(1sin)(cos)( 1212   LhyyxxtDX  (2.139) 
)sin(1cos)(sin)( 1212   LhyyxxDY  (2.140) 
1sin)(cos)()cos(2 1212 LhyyxxtDX    (2.141) 
The mutual resistance matrix must be a symmetric matrix, which means if we cal-
culate the earth potential induced by the leakage current on the second segment, and 
integrate along the first conductor then divide the result by the length of the first seg-
ment and the leakage current on the first segment, we should get the same result as if 
we calculate according to (2.135); but this is not so manifest that one can see it di-
rectly from the equation (2.135) and the corresponding definitions of the intermediate 
functions, though this must be true for any bilateral system, of which our problem is 
one. 
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Given the equation (2.135), we write the expression of mutual resistance between 
any two segments in the same horizontal plane in any directions as 
])2;,2,,;,1,,()(
)2;,2,,;,1,,()(
)2;,2,,;,1,,()(
))1(2;,2,,;,1,,()(
);,2,,;,1,,([
18
1
),,;,1,,,(
1
1222113212
0
122211321232
1
1222113212
0
122211321212
122211
2
222111

















i
nterm
i
i
nterm
i
i
nterm
i
i
nterm
i
nterm
iDzzLhyxLhyxRMKK
iDzzLhyxLhyxRMKKK
iDzzLhyxLhyxRMKK
DizzLhyxLhyxRMKKK
zzLhyxLhyxRM
Lh
zyxLhzyxRM







 
 
 
 
(2.142) 
This equation (2.142) and the numerical integration methods are all that we need 
to calculate the mutual resistance between a segment on the leg of the trapezoidal 
ground grid and other segments. 
2.5.2 The Rectangle Rule 
The Rectangle Rule is one of the numerical integration methods that is used when 
calculating (2.142). When the intermediate function U has the value zero, the Rectan-
gle Rule is used to calculate the single term in the series of (2.142). 
The interval [ -Lh2 , Lh2 ] is divided into N uniform sections in order to imple-
ment the Rectangle Rule. 
],[),[),[]2,2[ 12110 NN xxxxxxLhLh    (2.143) 
where 
22 1210 LhxxxxxLh NN    (2.144) 
and  
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The Rectangle Rule says that a definite integral over the interval [ -Lh2 , Lh2 ] can 
be approximated by the summation 
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where 
2
1 iii
xx
c , Ni ,,2,1   
(2.147) 
2.5.3 Simpson's Rule 
Simpson's Rule is the other numerical integration method that is used when calcu-
lating (2.142). When the intermediate function U has a non-zero value, Simpson's 
Rule is used to calculate the single term in the series of (2.142). 
The interval [ -Lh2 , Lh2 ] is divided into N number of uniform sections in order to 
implement Simpson's Rule. 
],[),[),[]2,2[ 12110 NN xxxxxxLhLh    
(2.148) 
where 
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(2.149) 
and  
N
Lh
xx ii
22
1   , Ni ,,2,1   
(2.150) 
The middle point of each interval is defined as 
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The Simpson's Rule says that a definite integral over the interval [ -Lh2 , Lh2 ] can 
be approximated by the summation 
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(2.152) 
For a given integration step h, the truncation error of Simpson's Rule is O(h4) 
while the truncation error of the Rectangle Rule is O(h2). This is the reason why 
Simpson's Rule is used when the value of the intermediate function U is not zero: for 
a smooth integrand, Simpson's Rule converges much faster than the Rectangle Rule 
and fewer terms are needed in the summation. 
Using the Rectangle Rule and Simpson's Rule and equation (2.142), the mutual re-
sistance between a conductor segment on the leg of the trapezoidal ground grid and 
other horizontal conductor segments can be calculated. 
2.5.4 Coordinate Transformation 
Do we need a new equation to calculate the mutual resistance between a segment 
on the leg of a trapezoidal ground grid and a segment on a vertical ground rod? A new 
equation is not needed for this purpose, but a coordinate transformation is needed so 
that we can use the equations that we already have.  
Even if the angle between the leg and the base, or the x-axis, is not ninety degrees, 
the segment on a horizontal conductor is still perpendicular to every segment on a ver-
tical rod. This means if we rotate the coordinate system about the z-axis, so that the 
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horizontal segment is perpendicular or parallel to the new x-axis, we can use the equa-
tions presented in section 2.3 and section 2.4 to calculate the mutual resistance be-
tween a segment on the leg of the trapezoidal ground grid and a segment on a vertical 
rod. 
The essence is that the value of the mutual resistance between any two specified 
conductor segments should not depend on the choice of the coordinate system. The re-
lationships between the coordinates in the new coordinate system and the coordinates 
in the old coordinate system are 
01 nx  
(2.153) 
 sin)(cos)( 12121 oooon yyxxy   
(2.154) 
11 on zz   
(2.155) 
 cos)(sin)( 12122 oooon yyxxx   
(2.156) 
02 ny  
(2.157) 
22 on zz   
(2.158) 
where (xo1,yo1,zo1) is the coordinate of the center of the horizontal (ground conductor) 
segment before the coordinate transformation, and (xo2,yo2,zo2) is the coordinate of the 
center of the segment on a ground rod before the coordinate transformation, and 
(xn1,yn1,zn1) is the coordinate of the center of the same horizontal segment after the co-
ordinate transformation, and (xn2,yn2,zn2) is the coordinate of the center of the segment 
on a ground rod after the coordinate transformation, and α is the angle between the 
horizontal segment and the x-axis before the coordinate transformation.  
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Because in the new coordinate system, the horizontal segment is perpendicular to 
the x-axis, and the segment on the rod is still parallel to the z-axis, the equations in 
section 2.3 and section 2.4 can be used to calculate the mutual resistance between the 
two segments 
2.5.5 The Centroid of a Polygon 
For a trapezoidal ground grid, the touch potential is calculated at the centroid of 
each corner mesh and the meshes that are adjacent to each corner mesh. In general 
these meshes are polygons and are not necessarily rectangular. In order to tell the 
computer program where the centroid is, we need the coordinate of the centroid of a 
polygon. The equations from Wikipedia [22] are presented below. 
c 
Fig 2.17 A Polygon 
The centroid of a non-self-intersecting closed polygon defined by n vertices 
(x0 ,y0), (x1 ,y1), ..., (xn−1 ,yn−1) , as shown in Fig 2.17, is the point (Cx, Cy), where 
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and where A is the polygon's area, 
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In these formulas, the vertices are assumed to be numbered in order of their occur-
rence along the polygon's perimeter [22]. Furthermore, the vertex ( xn, yn ) is assumed 
to be the same as ( x0, y0 ), meaning n + 1 is equivalent to i = 0 [22]. 
2.6 The Current Distribution Factor and the Ground Potential Rise 
For convenience, (2.6), which is used to define the leakage current and ground po-
tential rise, is given again here. 
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(2.162) 
The equations presented in section 2.2 and section 2.5 may be used to calculate 
the mutual resistance between any two segments of the ground grid. So the entries in 
the N by N matrix on the left side of (2.162) can be calculated. The column vector on 
the right side of the equation is known because the fault current Itotal is calculated 
from the electric power system model and is a design problem input. MATLAB can 
solve the matrix equation for the (N+1) by 1 column vector 
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The first N elements of (2.163) are the leakage currents on the corresponding seg-
ments. They are also called current distribution factors. The last element of (2.163) is 
the ground potential rise (GPR). Using the ground potential rise, the ground resistance 
to the remote earth, Rg, can be calculated as (2.164) where Itotal is the fault current. 
total
g
I
R

  
(2.164) 
2.7 Calculating the Earth Potential, the Touch Potential, and the Step Potential 
After the current distribution factors and the GPR are solved from the equation 
(2.162), we need to calculate the earth potential induced by such a distribution of the 
leakage current. For a given conductor segment whose length is LA = 2L1 with leakage 
current I, where L1 is half the length of the conductor segment, the earth potential in-
duced by the leakage current on this segment is just the line integration of the Green's 
function times the leakage current density on the segment. 
Using the exact formula of the Green's function, i.e. Equations (2.11), (2.12), 
(2.13) and (2.14), the exact formula of the earth potential can be derived. The litera-
ture [12] gives the derived equations to calculate the earth potential of a conductor 
segment that is parallel to the x-, y-, or z-axis. The equations are presented below. 
The intermediate function G is defined according to [12] in order to simplify the 
equation of the earth potential 
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Let (x1, y1, z1) be the coordinate of the center of segment And (x, y, z) be the point 
where the earth potential is calculated. 
When the segment is parallel to the x-axis, and located in the upper layer of soil, 
and the point where the earth potential is calculated is also at the upper layer of soil, 
the earth potential induced by the leakage current is 
)},,({),,( 2222 zyxGSzyxVX   
(2.166) 
where 
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(2.167) 
When the segment is parallel to the x-axis, and located in the lower layer of soil, 
and the point where the earth potential is calculated is at the upper layer of soil, the 
earth potential induced by the leakage current is 
)},,({),,( 2121 zyxGSzyxVX   
(2.168) 
where 
51 










0
111321232
0
1113212
211
21
)]2,,()(
)2,,()([
4
)},,({
i
i
i
i
iDzzyyxxGKKK
iDzzyyxxGKK
L
I
zyxGS
）（ 
 
 
(2.169) 
When the segment is parallel to the y-axis, one just needs to exchange the first two 
entries of the G function. Because the manipulation is simple, the resultant equations 
for a segment parallel to the y-axis are not presented. 
When the horizontal segment is not parallel to either the x- or y-axis, equation 
(2.131) should be used to calculate the earth potential. 
For any segment comprising associate with a vertical ground rod, that is, when the 
segment is parallel to the z-axis, located in the upper layer of soil, and the point where 
the earth potential is calculated is located in the upper soil layer, the earth potential in-
duced by the leakage current is 
)},,({),,( 2222 yxzGSzyxVZ  3 
(2.170) 
where 
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(2.171) 
                                                 
3 In literature [12], there is a typo in this equation that cause the violation of self-consistency and symmetry, 
which will be introduced in Chapter 3. 
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When the segment is parallel to the z-axis, and located in the lower layer of soil, 
and the point where the earth potential is calculated is in the upper soil layer, the earth 
potential induced by the leakage current is 
)},,({),,( 2121 yxzGSzyxVZ   
(2.172) 
where 
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(2.173) 
Since the equations above can be used to calculate the earth potential for any point 
in the top-soil layer, they can be used to calculate the touch potential and the step po-
tential at the earth’s surface. Let Eearth be the earth potential calculated at the surface 
of the soil at point (x, y, 0), and let the ground potential rise (GPR) be ，then the 
touch potential can be calculated by the following equation, 
)0,,()0,,( yxEyxE earthtouch   
(2.174) 
The touch potential constraints used in the application are based on touch potential 
calculated at the centroids of each corner mesh for square grids, rectangular grids, and 
L-shaped grids, and arealso calculated at the centroid of the meshes that are adjacent 
to the corner meshes for trapezoidal grids. 
The step potential constraints are the step potential values calculated for a one-me-
ter step length more radially outward at each grid corner whose direction is taken as 
the bisector of angle at the outside corner of reach corner mesh. More precisely, let 
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the earth potential at the corner (x1, y1, 0) be denoted as Eearth(x1, y1, 0). Let the earth 
potential at the point (x2, y2, 0) on the extension of the bisector that is one meter away 
(radially outward) from the first point be denoted as Eearth(x1, y1, 0). Then the step po-
tential is calculated as 
)0,,()0,,()0,,( 2211 yxEyxEyxE earthearthstep   
(2.175) 
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3 PROGRAM VALIDATION 
In this chapter, the idea of self-consistency and a self consistency validation 
method are presented. Ground grid symmetry and coordinate independence are also 
discussed. First, the self-consistency of our application is checked using the symmetry 
of the ground grid. Then the program validation is performed by comparison of the 
touch potential and the step potential calculated by our application and the touch po-
tential and the step potential calculated by WinIGS. 
3.1 Self-Consistency, Symmetry and Coordinate Independence 
A system or a theory is said to be self-consistent if the system or the theory itself 
does not contain any contradiction. If the system or the theory is not self-consistent, 
the system or the theory is easily identified to be problematic. The first aspect that one 
should check with our application is self-consistency. 
The symmetry of a system is, by definition, the invariance under a given operation 
acting on the system. For our ground grid, symmetry means the invariance of the 
touch potential and the step potential under the rotation of the ground grid about the z-
axis, or under the mirroring of the ground grid about the vertical plane whose equa-
tion is y=x. 
The invariance under the rotation operation acting on the ground grid is easy to 
understand. If the ground grid is rotated by 90 degrees, about the vertical axis, for ex-
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ample, the touch potential and the step potential shouldn't change, because the geome-
try of the ground grid has not changed after the rotation operation. It is the same 
ground grid after the rotation operation, and the only thing changed is the orientation 
of the ground grid. Therefore the touch potential and the step potential should not 
change. On the other hand, if the touch potential and the step potential calculated by 
our application change after the rotation operation of the ground grid, our application 
would be problematic, because there would be a contradiction of our program which 
means our program would not be self-consistent. 
For our ground grid, any vertical plane can be considered as the mirror plane, and 
the mirrored ground grid and the original ground grid should have the same touch po-
tential and the same step potential. If the touch potential and the step potential calcu-
lated by our application changed after the mirroring operation, there would be a con-
tradiction, and our application would not be self-consistent. 
The coordinate independence means that the physical objective does not depend 
on the subjective choice of a coordinate system. For example, a vector in a three di-
mensional space is an object that is independent of any choice of orthonormal basis 
vectors. For our ground grid, the mutual resistance between any two conductor seg-
ments is independent of the choice of the coordinate system. This fact was used in 
Chapter 2, when discussing the mutual resistance between a vertical segment on the 
ground rod and a horizontal segment on the leg of a trapezoid. 
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3.2 The Validation of Self-Consistency 
In this section the validation of self-consistency is performed by means of the ro-
tation operation acting on the rectangular ground grid, and the mirroring operation 
acting on both the L-shaped ground grid and the trapezoidal ground grid. 
3.2.1 The Self-Consistency of the Rectangular Ground Grid 
To calculate the touch potential and the step potential of the ground grid, a soil 
model has to be given first. The earth resistivity of the upper layer soil is taken as 100 
Ω·m. The earth resistivity of the lower layer soil is taken as 30Ω·m. The thickness of 
the upper layer soil is taken as 10 ft. The reader may assume that this soil model is 
used throughout this section and subsequent sections unless stated otherwise. 
Suppose that there is a rectangular ground grid buried 1.5 ft below the earth sur-
face. The dimensions of the ground grid are 600 ft by 400 ft. The number of meshes 
along the x axis is 12, and the number of meshes along the y-axis is 8. There are 12 
rods placed along the perimeter of the grid. Four rods are on the corners, and there are 
2 rods on each side so that the distance between each two rods on a given side is uni-
form. The length of each rod is 30 ft. The fault current is 3780 A. The geometry of the 
ground grid is shown in the figure. This is called Case A. 
To show that the MATLAB program yields self-consistent results, the rotation op-
eration is performed on the ground grid, so that the ground grid in Case A now be-
comes a rectangular grid that has the dimension 400 ft by 600 ft, with 8 meshes along 
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the x-axis, and 12 meshes along the y-axis. The number of rods and the length of each 
rod are unchanged. There are still 2 rods on each side of the rectangular grid and there 
is one rod on each corner. The fault current is unchanged. This is called Case B. If the 
self-consistency condition is satisfied, the touch/step potentials calculated for Case A 
must be equal to the touch/step potentials calculated for Case B.  
The result of the touch potential and the result of the step potential calculated by 
the MATLAB program are shown in Table 3.1 
Table 3.1 Validation of Symmetry for the Rectangular Ground Grid 
 Etouch (V) Estep (V) 
Case A 170.78 64.53 
Case B 170.78 64.53 
Therefore, the self-consistency of the rectangular ground grid calculation is vali-
dated. 
3.2.2 The Self-Consistency of the L-Shaped Ground Grid 
Assume the following soil model. The earth resistivity of the upper layer soil is 
100 Ω·m. The earth resistivity of the lower layer soil is 30Ω·m. The thickness of the 
upper layer soil is 10 ft. The geometry of the L-shaped ground grid is shown in Fig 
3.1.  
58 
a2
a3
a1
a4
 
Fig 3.1 The L-Shaped Ground Grid in Case C 
The length a1 is 400 ft, the length a2 is 600 ft, the length a3 is 200 ft, and the 
length a4 is 250 ft as shown in Fig 3.1. The number of meshes along the x-axis is 8 
and the number of meshes along the y axis is 12. The rods are placed on the corners of 
the L-shaped grid. The length of each rod is 30 ft. The fault current is 3.3 kA. This is 
called Case C.  
Using the same soil model of Case C, and after mirroring the ground grid in Case 
C about the y=x plane while keeping the fault current unchanged, a new case, called 
Case D, is obtained, as shown in Fig 3.2. 
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Fig 3.2 The L-Shaped Ground Grid in Case D. 
If the MATLAB program yields self-consistent results for L-shaped ground grids, 
both the touch potential and the step potential calculated for Case C should be equal 
to the touch potential and the step potential calculated for Case D respectively. The 
results of the potentials calculated for these two cases is shown in Table 3.2.  
Table 3.2 Validation of Symmetry for the L-Shaped Ground Grid 
 Etouch (V) Estep (V) 
Case C 183.01 62.56 
Case D 183.01 62.56 
Therefore, the self-consistency of the L-shaped ground grid calculation is vali-
dated. 
3.2.3 The Self-Consistency of the Trapezoidal Ground Grid 
Assume the following soil model. The earth resistivity of the upper layer soil is 
100 Ω·m. The earth resistivity of the lower layer soil is 20Ω·m. The thickness of the 
upper layer soil is 10 ft. The geometry of the trapezoidal ground grid is described as 
the following, as shown in Fig 3.3.  
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Fig 3.3 The Trapezoidal Ground Grid in Case E 
The length a1 is 170 ft, the length a2 is 85 ft, the length a4 is 150 ft. The left leg of 
the trapezoid is perpendicular to the bottom side. The number of meshes along the x-
axis is 5 and the number of meshes along the y-axis is 5. The rods are placed on the 
corners of the trapezoidal ground grid. The length of each rod is 30 ft. The fault cur-
rent is 2.1 kA. This is called Case E.  
Using the same soil model of Case E, if the ground grid is mirrored about the x = 
85 (ft) plane, the geometry of the new ground grid is as described by Fig 3.4. 
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Fig 3.4 The Trapezoidal Ground Grid in Case F 
The length a1 is 170 ft, the length a2 is 85 ft, the length a3 is 85 ft and the length a4 
is 150 ft. The number of meshes along the x-axis is 5 and the number of meshes along 
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the y axis is 5. The rods are placed on the corners of the trapezoidal grid. The length 
of each rod is 30 ft. The fault current is 2.1 kA. This Case is called Case F. 
The results of the potentials calculated for these two cases is shown in Table 3.3. 
Table 3.3 Validation of Symmetry for the Trapezoidal Ground Grid 
 Etouch (V) Estep (V) 
Case E 175.74 88.22 
Case F 175.80 88.27 
Difference 0.034% 0.057% 
As seen in the table, the values of the touch and step potentials are not exactly the 
same for both cases. The reason is that for the two cases, the segmentation process 
yields a different number of segments for the two ground grids. The segmentation 
process tries to assign the number of segments of each ground conductor and rod such 
that every segment has the same length or at least so the lengths are close to each 
other. But because the number of segments must be an integer, the length of each seg-
ments cannot be exactly the same. The MATLAB functions that is used to do round-
ing is used to get the integer number of segments. Because there one leg of the trape-
zoid that is not perpendicular to the x-axis, the floating point rounding error and the 
functions that are used to do rounding (in order to make the number of segments an 
integer number) yield a different number of segments on the conductors that have in-
tersections with this leg.  
Since the difference between the results are less than 0.1% and are caused purely 
by the use of a different numbers of segments, the self-consistency test applied to the 
trapezoidal ground grid is considered to be passed. 
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3.3 The Accuracy Requirement 
After the self-consistency is validated, to validate the MATLAB program, OL-
GGA, it is necessary to compare the results calculated by the MATLAB program with 
the results calculated by the commercial grounding system design software, WinIGS. 
The relative difference of the touch potential is calculated as (3.1) and the relative dif-
ference of the step potential is calculated as (3.2), 
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(3.2) 
where Etouch_OLGGA and Estep_OLGGA are the touch potential and the step potential calcu-
lated by OLGGA, respectively, and Etouch_WinIGS and Estep_ WinIGS are the touch potential 
and the step potential calculated by WinIGS, respectively. 
The accuracy requirement of the MATLAB program established by agreement 
with Tom LaRose of SRP, is that the relative difference between the touch potential 
and the step potential calculated by the MATLAB program must be less than 2.5% 
when compared to those calculated by WinIGS; however, when the touch potential or 
the step potential calculated by the MATLAB program is greater than those calculated 
by WinIGS, i.e., conservative, the difference is allowed to be greater than 2.5%. 
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3.4 The Parameter Limitations and the Segmentation Method 
Experiments have shown that when the earth resistivity ratio ρ1/ρ2 is too large or 
too small, or when the aspect ratio of the mesh is too large or too small, the difference 
between the result calculated by the MATLAB program and the result calculated by 
the WinIGS is out of the bound of the 2.5% accuracy requirement. The limitations on 
the soil resistivity ratio ρ1/ρ2 and mesh aspect ratio have been set within the 
MATLAB program, OLGGA, in order to mark the range within which the results cal-
culated by the MATLAB program match the results calculated by WinIGS. 
Given the upper layer soil earth resistivity ρ1 and the lower layer earth resistivity 
ρ2, and the length of the side of the mesh along the x- axis Lmesh_x, and the length of 
the side of the mesh along the y- axis Lmesh_y, the limitation on the earth resistivity ra-
tio and the limitation on the aspect ratio of the mesh are: 
1) When the length of any side of the ground grid is shorter than 100 ft, 
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2) When the length of any side of the ground grid is shorter than 500 ft, but every 
side is longer than 100 ft, 
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3) When all sides are longer than 500 ft, 
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The segmentation method is dependent of the shape of the ground grid. For rec-
tangular ground grids, the length of each segment along the x-axis is equal to the 
length of each mesh side along the x-axis, and the length of each segment along the y-
axis is equal to the length of each mesh side along the y axis.  
For L-shaped ground grids, a reference length is calculated by dividing the length 
of the longest conductor in each direction by the number of meshes along that direc-
tion and then divided by 3; the length of the segment on each conductor along each 
side is calculated using the Ceil function of MATLAB, so that the length of each seg-
ment is approximately equal to the reference length, while the number of segments on 
each conductor is an integer. 
For trapezoidal ground grids, the length of each conductor is generally different, 
because in a trapezoidal ground grid there are two sides that are not perpendicular or 
parallel to the other two sides. The reference length is calculated by dividing the 
length of the longest conductor by 20 and the length of each segment is calculated us-
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ing the Ceil function of MATLAB, so that the length of each segment is approxi-
mately equal to the reference length, while the number of segments on each conductor 
is an integer. 
The segmentation method has been so chosen that the touch potential and the step 
potential calculated by the MATLAB program best match those calculated by 
WinIGS. 
3.5 The Validation with WinIGS 
In this section the validation of the MATLAB program, OLGGA, is presented by 
comparing the touch potential and the step potential calculated by the MATLAB pro-
gram and those calculated by WinIGS. It will be shown that the accuracy is satisfied 
within the parameter limitations presented in 3.4. 
3.5.1 The Validation for Square Ground Grids and Rectangular Ground Grids  
Case I: The following soil model is assumed. The upper layer soil earth resistivity 
ρ1 is 100 Ω·m, the lower layer soil earth resistivity ρ2 is 10 Ω·m, and the thickness of 
the upper layer soil is 10 ft.  
The ground grid is a square ground grid as shown in Fig 3.5. The length of the 
side of the ground grid is 50 ft. The number of meshes along the x-axis is 5 and the 
number of meshes along the y-axis is 5. There are 4 ground rods placed on 4 corners, 
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and another 4 ground rods placed on the centers of the 4 sides. The length of each rod 
is 20 ft.  
 
Fig 3.5 The Square Ground Grid 
The fault current is assumed to be 1.9 kA. The touch potential and the step poten-
tial calculated by OLGGA as compared with those calculated by WinIGS are shown 
in Table 3.4. 
Table 3.4 The Touch Potential and the Step Potential of Case I 
Case I Etouch (V) Estep (V) 
MATLAB 177.38 159.46 
WinIGS 179.77 158.06 
Difference -1.33% 0.89% 
Case II: The following soil model is assumed. The upper layer soil earth resistivity 
ρ1 is 100 Ω·m, and the lower layer soil earth resistivity ρ2 is 10 Ω·m, and the thick-
ness of the upper layer soil is 10 ft.  
The ground grid is a rectangular ground grid. The length of one side of the ground 
grid is 200 ft, and the length of another side of the ground grid is 50ft. The number of 
meshes along the x-axis is 16 and the number of meshes along the y-axis is 2. There 
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are 4 rods placed on the 4 corners, and another 20 ground rods placed on the perime-
ter of the ground grid as shown in Fig 3.6, so that the distance between any two adja-
cent rods on a side is uniform. The length of each rod is 20 ft.  
 
Fig 3.6 The Rectangular Ground Grid in Case II 
The fault current is assumed to be 3.78 kA. The touch potential and the step po-
tential calculated by OLGGA as compared with those calculated by WinIGS are 
shown in Table 3.5.  
Table 3.5 The Touch Potential and the Step Potential of Case II 
Case II Etouch (V) Estep (V) 
MATLAB 179.36 120.02 
WinIGS 179.11 116.76 
Difference 0.14% 2.79% 
Case III: The following soil model is assumed. The upper layer soil earth resistiv-
ity ρ1 is 20 Ω·m, the lower layer soil earth resistivity ρ2 is 100 Ω·m, and the thickness 
of the upper layer soil is 10 ft. 
The ground grid is a rectangular ground grid. The length of one side of the ground 
grid is 200 ft, and the length of another side of the ground grid is 50ft. The number of 
meshes along the x-axis is 8 and the number of meshes along the y-axis is 4. There are 
4 rods placed on the 4 corners, as shown in Fig 3.7. The length of each rod is 10 ft. 
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Fig 3.7 The Rectangular Ground Grid in Case III 
The fault current is assumed to be 3.78 kA. The touch potential and the step po-
tential calculated by OLGGA as compared with those calculated by WinIGS are 
shown in Table 3.6. 
Table 3.6 The Touch Potential and the Step Potential of Case III 
Case III Etouch (V) Estep (V) 
MATLAB 194.30 247.81 
WinIGS 195.51 244.65 
Difference -0.62% 1.29% 
3.5.2 The Validation for L-Shaped Ground Grids  
Case IV: The following soil model is assumed. The upper layer soil earth resistiv-
ity ρ1 is 100 Ω·m, the lower layer soil earth resistivity ρ2 is 20 Ω·m, and the thickness 
of the upper layer soil is 10 ft. 
The ground grid is L-shaped, as shown in Fig 3.8. The length of the side a1 is 400 
ft, the length of the side a2 is 400 ft, the length of the side a3 is 200 ft, and the length 
of the side a4 is 200 ft. The number of meshes along the x-axis is 8 and the number of 
meshes along the y-axis is 24. There are 6 rods on the corners, and there are 10 other 
rods placed as shown in the Fig 3.8, so that the distance between any two adjacent 
rods on a side is uniform. The length of any each is 30 ft. 
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Fig 3.8 The L-Shaped Ground Grid in Case IV 
The fault current is assumed to be 3.78 kA. The touch potential and the step po-
tential calculated by OLGGA as compared with those calculated by WinIGS are 
shown in Table 3.7. 
Table 3.7 The Touch Potential and the Step Potential of Case IV 
Case IV Etouch (V) Estep (V) 
MATLAB 122.65 60.61 
WinIGS 123.52 61.01 
Difference -0.71% -0.65% 
Case V: The following soil model is given. The upper layer soil earth resistivity ρ1 
is 20 Ω·m, the lower layer soil earth resistivity ρ2 is 100 Ω·m, and the thickness of the 
upper layer soil is 10 ft. 
The ground grid is L-shaped as shown in Fig 3.9. The length of the side a1 is 400 
ft, the length of the side a2 is 400 ft, the length of the side a3 is 200 ft, and the length 
of the side a4 is 200 ft. The number of meshes along the x-axis is 8 and the number of 
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meshes along the y-axis is 8 as shown in Fig 3.9. There are 6 rods on the corners. The 
length of each rod is 10 ft. 
a1
a2
a3
a4
 
Fig 3.9 The L-Shaped Ground Grid in Case V 
The fault current is assumed to be 3.78 kA. The touch potential and the step po-
tential calculated by OLGGA are compared with those calculated by WinIGS are 
shown in Table 3.8. 
Table 3.8 The Touch Potential and the Step Potential of Case V 
Case V Etouch (V) Estep (V) 
MATLAB 87.35 76.75 
WinIGS 88.07 75.00 
Difference -0.82% 1.00% 
Case VI: The following soil model is accumed. The upper layer soil earth resistiv-
ity ρ1 is 100 Ω·m, the lower layer soil earth resistivity ρ2 is 20 Ω·m, and the thickness 
of the upper layer soil is 10 ft. 
The ground grid is L-shaped. The length of the side a1 is 400 ft, the length of the 
side a2 is 600 ft, the length of the side a3 is 200 ft, and the length of the side a4 is 250 
ft. The number of meshes along the x-axis is 8 and the number of meshes along the y-
71 
axis is 24. There are 6 rods placed on the corners, and there are another 4 rods placed 
as shown in Fig 3.10, so that the distance between any two adjacent rods on a side is 
uniform. The length of each rod is 30 ft. 
The fault current is assumed to be 3.78 kA. The touch potential and the step po-
tential calculated by OLGGA as compared with those calculated by WinIGS are 
shown in Table 3.9. 
Table 3.9 The Touch Potential and the Step Potential of Case VI 
Case VI Etouch (V) Estep (V) 
MATLAB 141.03 57.94 
WinIGS 142.03 56.53 
Difference -0.71% 2.49% 
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Fig 3.10 The L-Shaped Ground Grid in Case VI 
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3.5.3 The Validation for Trapezoidal Ground Grids  
Case VII: The following soil model is assumed. The upper layer soil earth resistiv-
ity ρ1 is 100 Ω·m, and the lower layer soil earth resistivity ρ2 is 20 Ω·m, and the thick-
ness of the upper layer soil is 10 ft. 
The ground grid is a trapezoid. The length of the side a1 is 120 ft, the length of the 
side a2 is 100 ft, the length of the offset a3 is 10 ft, and the height a4 is 100 ft, as 
shown in Fig 3.11. The number of meshes along the x-axis is 4 and the number of 
meshes along the y-axis is 10. There are 4 rods placed on the corners, and there are 
another 8 rods placed as shown in the figure Fig 3.11 so that the distance between any 
two adjacent rods on each side is uniform. The length of each rod is 30 ft. 
a1
a2
a3
a4
 
Fig 3.11 The Trapezoidal Ground Grid in Case VII 
The fault current is assumed to be 3.78 kA. The touch potential and the step po-
tential calculated by OLGGA as compared with those calculated by WinIGS are 
shown in Table 3.10. 
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Table 3.10 The Touch Potential and the Step Potential of Case VII 
Case VII Etouch (V) Estep (V) 
MATLAB 264.45 200.42 
WinIGS 267.12 199.00 
Difference -1.00% 0.71% 
Case VIII: The following soil model is assumed. The upper layer soil earth resis-
tivity ρ1 is 10 Ω·m, and the lower layer soil earth resistivity ρ2 is 100 Ω·m, and the 
thickness of the upper layer soil is 5 ft. 
The ground grid is a trapezoid as shown in Fig 3.12. The length of the side a1 is 
150 ft, the length of the side a2 is 100 ft, the length of the offset a3 is 10 ft, and the 
length of the side a4 is 100 ft. The number of meshes along the x-axis is 4 and the 
number of meshes along the y-axis is 4. There are 4 rods placed on the corners. The 
length of each rod is 10 ft. 
a1
a2
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Fig 3.12 The Trapezoidal Ground Grid in Case VIII 
The fault current is assumed to be 3.78 kA. The maximum touch and step poten-
tials calculated OLGGA as compared with those calculated by WinIGS is shown in 
Table 3.11. 
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Table 3.11 The Touch Potential and the Step Potential of Case VIII 
Case VIII Etouch (V) Estep (V) 
MATLAB 130.70 220.08 
WinIGS 130.73 219.78 
Difference -0.02% 0.14% 
Case IX: The following soil model is assumed. The upper layer soil earth resistiv-
ity ρ1 is 100 Ω·m, and the lower layer soil earth resistivity ρ2 is 20 Ω·m, and the thick-
ness of the upper layer soil is 10 ft. 
The ground grid is a trapezoid. The length of the side a1 is 150 ft, the length of the 
side a2 is 100 ft, the length of the offset a3 is -20 ft, and the length of the side a4 is 100 
ft. The number of meshes along the x-axis is 4 and the number of meshes along the y-
axis is 10. There are 4 rods placed on the corners, and there are another 5 rods placed 
as shown in Fig 3.13 so that the distance between any two adjacent rods on a given 
side is uniform. The length of each rod is 30 ft. 
a1
a2
a3
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Fig 3.13 The Trapezoidal Ground Grid in Case IX 
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The fault current is assumed to be 3.78 kA. The touch potential and the step po-
tential calculated by the MATLAB program as compared with those calculated by 
WinIGS are shown in Table 3.12. 
Table 3.12 The Touch Potential and the Step Potential of Case IX 
Case IX Etouch (V) Estep (V) 
MATLAB 320.04 232.11 
WinIGS 321.20 221.45 
Difference -0.36% 4.81% 
As shown in the previous cases, for Case II and Case IX, the difference of the step 
potential is greater than 2.5%. But the step potentials calculated by the MATLAB pro-
gram are greater than those calculated by WinIGS, hence the MATLAB program 
gives conservative step potential results. 
3.5.4 Plots of Errors 
More cases were tested and the difference in the touch potential and the step po-
tential between the results of the proposed program and the results of WinIGS is plot-
ted against the touch potential and the step potential respectively as shown in Fig 3.14 
and Fig 3.15. 
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Fig 3.14 The Difference in Percent for the Touch Potential 
In Fig 3.15, the difference of the step potential calculated by the MATLAB pro-
gram and that calculated by WinIGS is plotted. In Fig 3.15, a positive difference 
means the step potential calculated by the MATLAB program is greater than that cal-
culated by WinIGS. Positive error means the step potentials calculated by the 
MATLAB program is conservative. 
 
 
Fig 3.15 The Difference in Percent for the Step Potential 
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4 GROUND GRID OPTIMIZATION 
The OptimaL Ground Grid Application (OLGGA) was developed to optimize the 
design of the substation ground grid. The optimal design of the ground grid should 
satisfy the safety requirement, and the cost of material and labor should be minimized. 
In this chapter, the optimization model and the optimization algorithms used by OL-
GGA are presented. The case studies are also presented at the end of the chapter. 
4.1 The Safety Requirement 
As it is shown in Chapter 1, the safety requirement is that the maximum touch and 
step potentials of a ground grid must be less than the respective maximum allowable 
values. The maximum allowable touch and step potentials are obtained from the equa-
tions in the IEEE standard [1]: 
1. The maximum allowable touch potential calculated may be calculated from 
IEEE Std 80-2000 [1] 
f
allowabletouch
t
E
116.0
)5.11000(_   
(4.1) 
where ρ is the upper soil earth resisitivity and tf is the time duration of the fault. 
2. The maximum allowable is also calculated from IEEE Std 80-2000 [1] is: 
f
allowablestep
t
E
116.0
)61000(_   
(4.2) 
In addition to the restrictions on the touch and step potentials, the SRP rules re-
quire that the ground resistance to the remote earth must be lower than 0.5 Ω. 
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The safety requirements are used as a set of nonlinear constraints in the optimiza-
tion problem formulation. The content of Chapter 2 presents the method of calculating 
the touch potential, the step potential and the ground resistance to the remote earth. 
4.2 The Objective Function and Constraints 
For the ground grid optimization, the objective function is the total cost of build-
ing a ground grid. It includes the cost of labor and the cost of materials. The objective 
function should be minimized while the design should satisfy the constraints. In this 
section, the objective function and the constraints are presented. 
4.2.1 The Parameters and the Ground Grid Design Rules 
The construction parameters include the cost of materials and the cost of labor, 
and physical specifications for the horizontal conductors and ground rods. 
· The cost of the horizontal ground conductor copper is $ 3.77 /ft (Ccond). 
· The cost of labor to trench, install cable, and backfill is $ 4 /ft (Ctrench). 
· The cost of labor to drive rods up to 10 ft is $ 10 /ft , and the cost of labor to 
drive rods 11 to 40 ft is $ 32 /ft (Cdrive). 
· The cost of labor to make exothermic connections from cable to cable or from 
cable to ground rod is $ 40 each (Cconnect) 
· The cost of the exothermic connector material and mold is $ 19.25 each (Cexo) 
The ground grid design rules include the followings. 
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· The bury depth of the horizontal ground mat is 1.5 ft (h). 
· The coarsest allowable mesh dimension is 50 ft (Lmesh_max). 
· The smallest allowable mesh dimension is 8.5 ft (Lmesh_min). 
· The type of the horizontal conductors is 4/0 copper conductor. 
· The type of the ground rods is 5/8 copper conductor. 
· The distance between any two adjacent ground rods should be greater than the 
length of the ground rod. 
· The maximum touch potential of the ground grid must not be greater than the 
maximum allowable touch potential. 
· The maximum step potential of the ground grid must not be greater than the 
maximum allowable step potential. 
· The ground resistance must not be greater than 0.5 Ω. 
4.2.2 The Objective Function 
The objective function to be minimized is the total cost of building a ground grid. 
It includes the cost of materials and the cost of labor. Using the construction parame-
ters and the design rules, the objective function and the constraints can be summarized 
as given by (4.3) to (4.9). 
 )()(
)(  min.
_
_
exoconnectjointsdrivecondtotalv
trenchcondtotalh
CCNCCL
CCLCost


 
(4.3) 
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..ts  
allowabletouchtouch EE _  
(4.4) 
allowablestepstep EE _  
(4.5) 
  Rg 5.0  
(4.6) 
ftLft xmesh 505.8 _   
(4.7) 
ftLft ymesh 505.8 _   
(4.8) 
max_min rodrod NNN   
(4.9) 
In the objective function and the constraints, Lh_total is the total length of the hori-
zontal conductors; Lv_total is the total length of the ground rods; Nmin is the number of 
corners of the ground grid; Nrod_max is the maximum allowable total number of rods 
that does not violate the design rule for ground rods; Njoints is the total number of 
points where two conductors overlay each other or where a grid conductor overlays a 
ground rod; Etouch is the calculated touch potential; Estep is the calculated step poten-
tial; Lmesh_x is the length of the mesh side that is parallel to the x-axis; Lmesh_y is the 
length of the mesh side that is parallel to the y-axis; Rg is the ground resistance to the 
remote earth; Nrod is the total number of rods; Etouch_allowable and Estep_allowable are the 
maximum allowable touch potential and the maximum allowable step potential re-
spectively. 
For rectangular ground grids, Njoints is equal to [(Nx+1) (Ny+1)) + Nrod], where Nx is 
the number of meshes along the x-axis and Ny is the number of meshes along the y-
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axis. For L-shaped ground grids and trapezoidal ground grids, the expression is com-
plicated and requires an algorithmic approach, which is not reproduced here. 
According to the SRP design rules [23] for ground rods, the length of the ground 
rod depends on the soil model. When the upper layer earth resistivity is less than or 
equal to the lower layer earth resistivity, or the thickness of the upper layer soil is 
greater than 30 ft, the length of the ground rod is 10 ft. When the upper layer earth re-
sistivity is greater than the lower layer earth resistivity, and the thickness of the upper 
layer soil is less than 10 ft, the length of the ground rod is 20ft. When the upper layer 
earth resistivity is greater than the lower layer earth resistivity, and the thickness of 
the upper layer soil is greater than 10 ft but less than 30ft, the length of the ground rod 
is 30 ft. 
4.3 Genetic Algorithm and Pattern Search 
Compared to traditional optimization algorithms, the capability of dealing with 
complex optimization problems is the motivation for selecting the genetic algorithm 
for ground grid optimization. In ground grid optimization, the objective function in-
volves integer design parameters and the constraints, whose number can change with 
each iteration, include nonlinear constraints on the touch and step potentials and the 
ground resistance to the remote earth. 
In the genetic algorithm, the parameters and the fitness function related to the ob-
jective function are encoded into binary strings. The initial population is created, and 
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in each generation, the fitness of all the individuals in the population is evaluated. A 
new population is created by performing crossover and mutation, and the old popula-
tion is replaced, and the new population is used in the new iteration. When the con-
vergence criterion is met or the maximum number of iterations is reached, the result is 
decoded to obtain the solution to the optimization problem. The most fit individual in 
each generation is not being modified by crossover and mutation, so that the best so-
lution is achieved more quickly [17]. 
The pseudo code of the genetic algorithm can be found in page 42 of [17], how-
ever, the implementation of the genetic algorithm is done by using the GA function of 
MATLAB. References [20] and [21] have defined the convergence criterion for the 
genetic algorithm as applied to the ground grid optimization, and introduced a pattern 
search algorithm together with the genetic algorithm to speed up the overall optimiza-
tion process. An introduction of the pattern search algorithm is presented in [20] and 
[21]. 
4.4 Case Studies 
In this section, the OptimaL Ground Grid Application (OLGGA) is used to solve 
ground grid optimization problems and find the optimal designs for the rectangular 
ground grid, the L-shaped ground grid and the trapezoidal ground grid. For the fol-
lowing cases, the fault current If is assumed to be 3780 A, and the duration of the fault 
is assumed to be 0.53 s. 
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Case 1. The goal is to find the optimal design of a rectangular ground grid. The 
length of the side of the horizontal ground mat is 200 ft and the width of it is 100 ft. In 
the two layer soil model, the earth resistivity of the upper layer soil is 150 Ω·m, and 
the earth resistivity of the lower layer soil is 30 Ω·m, and the thickness of the upper 
layer soil is 10 ft.  
OLGGA gives the optimal design after taking approximately 20 minutes. The per-
formance of the proposed design is shown in Table 4.1.  
As shown Table 4.1, the number of meshes along the x-axis is 18 and the number 
of meshes along the y-axis is 11. The length of the mesh along the x-axis is 11.11 ft 
and the length of the mesh along the y-axis is 9.09 ft. The number of rods placed on 
the side of the grid that is parallel to the x-axis is 5, and the number of rods placed on 
the side that is parallel to the y-axis is 2. The total number of rods is 18, which in-
cludes the 4 rods on 4 corners. The touch potential of the optimal design is 194.75 V 
while the maximum allowable touch potential is 195.19 V. The calculated step poten-
tial is 188.8 V while the maximum allowable step potential is 302.74 V. The ground 
resistance to the remote earth is 0.35 Ω while the maximum allowable ground re-
sistance is 0.5 Ω. The total cost of ground grid installation, labor and materials, is 
$ 67302. 
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Table 4.1 The Optimal Design for the Rectangular Ground Grid 
Number of Meshes Mesh Size Number of Rods 
Nx Ny x-side y-side x-side y-side 
18 11 11.11 ft 9.09 ft 5 2 
Touch Potential  (Plus rods on corners) 
Proposed Maximum Allowable  
Total Number of 
Rods 
194.75 V 195.19 V  18 
Step Potential    
Proposed Maximum Allowable    
188.8 V 302.74 V    
Ground Resistance    
Proposed Maximum Allowable    
0.35 Ω 0.50 Ω  Total Cost: $ 67302 
The geometry of the proposed design is shown in Fig 4.1. 
 
 
Fig 4.1 The Geometry of the Optimal Design 
OLGGA is capable of showing a 2D plot and a 3D plot of the touch potential of 
the optimal design of the rectangular ground grid, as shown in Fig 4.2. In the 2D plot, 
the horizontal axis is along the diagonal line of the rectangular ground grid. The unit 
of the horizontal axis is ft. The vertical axis is the touch potential in Volts. 
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Fig 4.2 2D Plot and 3D Plot of the Touch Potential 
Case 2. In this case, the goal is to find the optimal design of a L-shaped ground 
grid. The length of the side a1 is 500 ft, and the length of the side a2 is 400 ft, and the 
length of the side a3 is 200 ft, and the length of the side a4 is 200 ft. The perimeter of 
the ground grid is shown in Fig 4.3, which also defines the length parameters a1 to a6. 
a1
a2
a3
a4
a5
a6
 
Fig 4.3 The Perimeter of the L-Shaped Ground Grid 
In the two layer soil model, the earth resistivity of the upper layer soil is 100 Ω·m, 
and the earth resistivity of the lower layer soil is 20 Ω·m, and the thickness of the up-
per layer soil is 10 ft.  
OLGGA gives the optimal design in Table 4.2 after taking approximately 30 
minutes. The performance of the proposed design is shown in Table 4.2. 
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Table 4.2 The Optimal Design for the L-Shaped Ground Grid 
Number of Meshes Mesh Size Number of Rods 
Nx Ny x-side y-side a1-side a2-side 
11 9 45.45 ft 44.44 ft 4 3 
Touch Potential  a 3-side a 4-side 
Proposed Maximum Allowable  1 1 
182.72 183.24  a 5-side a 6-side 
Step Potential  2 1 
Proposed Maximum Allowable  (Plus rods on corners) 
73.02 254.94 V  Total Number of Rods 
Ground Resistance  18 
Proposed Maximum Allowable    
0.11 Ω 0.50 Ω  Total Cost: $ 82931 
The geometry of the proposed design is shown in Fig 4.4. 
 
Fig 4.4 The Geometry of the Optimal Design 
OLGGA is also capable of showing a 3D plot of the touch potential of the optimal 
design of the L-shaped ground grid, as shown in Fig 4.5.  
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Fig 4.5 3D Plot of the Touch Potential 
Case 3. In this case, the goal is to find the optimal design of a trapezoidal ground 
grid. The length of the bottom side a1 is 200 ft, and the length of the top side a2 is 150 
ft, and the length of the offset of the left leg a3 is 0 ft, and the length of the height of 
the trapezoid a4 is 200 ft. In the two layer soil model, the earth resistivity of the upper 
layer soil is 100 Ω·m, and the earth resistivity of the lower layer soil is 20 Ω·m, and 
the thickness of the upper layer soil is 10 ft.  
OLGGA gives the optimal design after approximately 20 minutes of execution 
time. The geometry of the proposed design is shown in Fig 4.6. 
The performance of the proposed design is shown in Table 4.3. 
   
Fig 4.6 The Geometry of the Optimal Design 
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Table 4.3 The Optimal Design for the Trapezoidal Ground Grid 
Number of Meshes Mesh Size Number of Rods 
Nx Ny x-side y-side Bottom Top 
11 4 18.18 50 5 4 
Touch Potential  Left Right 
Proposed Maximum Allowable  5 5 
177.07 183.24  (Plus rods on corners) 
Step Potential  Total Number of Rods 
Proposed Maximum Allowable  23 
108.88 254.94 V    
Ground Resistance    
Proposed Maximum Allowable    
0.19 Ω 0.50 Ω  Total Cost: $ 59385 
The 3D plot of the touch potential of the optimal design of the trapezoidal ground 
grid is shown in Fig 4.7.  
  
Fig 4.7 The 3D Plot of the Touch Potential for the Trapezoidal Ground Grid 
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5 CONCLUSIONS 
5.1 Conclusions 
This work is based on a project sponsored by Salt River Project (SRP). In this 
work, the OptimaL Ground Grid Application (OLGGA) is presented. OLGGA is de-
signed to solve the ground grid optimization problem. The proposed application (OL-
GGA) is capable of handling square, rectangular, L-shaped, and trapezoidal ground 
grids.  
The equations that are used to calculate the touch potential, the step potential and 
the ground resistance to the remote earth in a two layer soil model are presented, and 
they are used as nonlinear constraints in the optimization. 
The line-line model and the point-point model are introduced in Chapter 2. They 
are used to derive the equations for the mutual resistance between two conductor seg-
ments. The equations used to deal with the sides of a trapezoidal ground grid are de-
rived from the line-line model. 
In Chapter 0 the concept of self-consistency and the ways to test the self-con-
sistency of the application are introduced. The validation of the application is also 
presented. 
The optimization model is presented in Chapter 4. The optimization algorithms 
are also introduced. The optimal design of the ground grid satisfies the safety require-
ments, which are presented both in Chapter 1 and in Chapter 4. 
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The graphical user interface is further developed to accommodate the trapezoidal 
ground grid and the L-shaped ground grid and the user's manual of OLGGA is pre-
sented in Appendix A. 
This work is built upon the work of two predecessors. The author started the work 
reported here on May 2014. At that time, a version of the graphic interface of OL-
GGA and the graphical user interface of the Soil Model Builder were available from 
predecessors of this project, and for the rectangular ground grids without any ground 
rod, the program was able to yield relatively accurate results. In the graphical user in-
terface, the number of ground rods could only be an integer times the number of sides, 
and the maximum number of ground rods was 12. The optimization algorithms were 
already chosen. 
The author's contribution is shown below. 
1) Made the application self-consistent. 
2) Improved the accuracy so that the accuracy requirement was satisfied. 
3) Updated the ground rod placement method so that the placement of ground rods 
satisfied the SRP rules for ground rods. 
4) Reduced the execution time by changing parts of the MATLAB code into 
MATLAB executable C code. 
5) Derived new equations so that the application could be capable of handling 
trapezoidal ground grids. 
6) Added new functionality to the graphical user interface. 
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7) Wrote the user's manual of OLGGA. 
8) Completed code documentation. 
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A.1  Overview 
The user manual provides general information on how to use the "OptimaL Ground 
Grid Application" (OLGGA). The objective of the manual is to assist the user in: (1) 
updating the grid construction parameters, (2) creating the soil model or reading the 
Wenner-method measured field data from a specific Excel file, (3) selecting the shape 
of the ground grid, (4) selecting the optimization options, (5) starting the the program, 
and (6) saving the results. This manual does not provide information about the struc-
ture of the program or the mathematical modeling techniques employed. 
This manual contains three sections. This section, Section A.1 contains an 
overview of the User Manual. Section A.2 is a brief description of the program. 
Section A.3 contains detailed information about how to use the program. 
 
A.2  Program Description 
The program "OptimaL Ground Grid Application" optimize the placement of hori-
zon ground conductor and ground rods for a ground grid with a fixed perimeter set by 
the user for a given two-layer soil model prescribed by the user. After the optimization 
is performed, the results are displayed on a user interface and the user may save the 
results to an independent pdf file. 
 
A.3  How to Use the Program 
A.3.1 What the interface looks like 
The OptimaL Ground Grid Application (OLGGA) is designed using MATLAB’s 
Graphical User Interface tools. The OLGGA main window is shown in Figure 3.1. 
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Figure 3.1. 
A brief description of these buttons and check boxes is given below. 
A.3.2 Push Buttons 
 
 
Opens a window in which the construction 
parameters (ground conductor size, etc.) may be updated. 
: 
Selects the data file that is used to construct the soil model from the Wenner-
method-measured field data. 
 
: 
Starts the ground-grid-design optimization. 
 
: 
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Saves OLGGA’s results to a pdf or png file. 
 
 
Exits OLGGA. 
A.3.3 Check Boxes 
 
These two boxes are used to input the soil model. By checking the first box, the 
user chooses to load an Excel file to construct the soil model using the Wenner-
method-measured field data. The details of how to use the Soil Model Application are 
shown its User’s Manual. By checking the second box, the user will need to fill in the 
text boxes in Step 2.b. 
 
 
These two boxes allow the user to choose how to control how OLGGA handles 
the ground rod placement. 
 
 
This box is used to by the user to choose if the aspect ratio of the mesh constraint 
will be added for the optimization. The aspect ratio will be restrained between 1/3 and 
3 if the box is checked. (Accuracy of results is only guaranteed if this box is checked. 
Otherwise, results will be approximate only.) 
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These two boxes allow the user to choose if the 2D and/or 3D plots of the touch 
potential will be drawn. Checking the first box typically increases the execution time 
significantly. 
A.3.4 Case Title 
 
The user may name the case by type its name in the text box. The name of the case 
and the date and the time of the optimization will be displayed with the results and in 
any pdf file saved. 
 
 
A.3.5 Setting the Fault Current and the Fault Duration 
 
 
This entry field allows the user to enter the fault duration and fault current. The unit 
of the fault duration is s, and the unit of the fault current is A. These must be positive 
values, or there will be a warning window to tell the user that only positive numbers 
can be entered, as shown in the following figure. 
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A.3.6 Setting the Soil Model 
 
 
If checking the first box, the user will need to choose an Excel file. Then the soil 
model will be constructed automatically.  
If checking the second box, the user will need to input the soil model parameters 
manually in the text boxes on the right side shown in the figure below: 
 
The notation used in this entry box is: 
· ρ1: The earth resistivity of the top soil layer. The unit is Ω·m. 
· ρ2: The earth resistivity of the bottom soil layer. The unit is Ω·m. 
· H: The thickness of the top soil layer. The unit is ft. 
The data in these boxes must be positive, or there will be a warning window to tell 
the user that the numbers must be positive, as shown in the figure below: 
 
The thickness of the top soil layer should not be less than 5 ft. So if the user types a 
number less than 5 in the third text box, there will be a warning window shown in the 
figure below to tell the user to re-enter the data: 
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A.3.7 Setting the Shape of the Grid 
 
There are four grids shapes that may be chosen by the user in this application. They 
are square, rectangular, L-shape, and trapezoid.  
·Square Grids: 
 
The user needs to enter only the length of one side of the square grid in the first text 
box. Other dimension-entry boxes shown above are disabled. The number typed in the 
box must be larger than 0, or there will be a warning window appear is the entry is 
nonconforming: 
 
For other shapes, if the user types non-positive numbers in the last three text boxes, 
the user will see this same warning window. 
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·Rectangular Grids: 
 
The number in the first text box is the length of the side that is along x-axis. The 
number in the second text box is the length of the side that is along y-axis. The units 
are all ft. 
 
·L-Shape Grids: 
 
 
The definitions of Length_1, Width_1, Length_2, Width_2 are shown in the follow-
ing figure: 
  
Length_1 must be 10ft greater than Length_2, and Width_1 must be 10ft greater 
than Width_2. If the data the user enters violate these requirements, warning windows 
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will be shown when the user pushes the "Plot the Grid's Perimeter " button in the next 
section. 
 
 
 
·Trapezoidal Grids: 
 
 
The definition of Length_1, Width_1, Length_2, Width_2 is shown in the following 
figure: 
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The top left corner of the grid cannot be to the right of the bottom right corner. The 
top right corner cannot be to the left of the bottom left corner. If these requirements are 
violated based on the user’s entries, once the "Plot the Grid's Perimeter" button is 
pushed, there will be a warning windows to tell the user to re-enter corrected data. 
 
 
 
A.3.8 Plotting the Grid's Perimeter 
 
 
Pushing this button causes the perimeter of the grid to be drawn on the interface at 
the top left of the main window. This button needs to be pushed to check if there are 
any typos in the text boxes in Step 3.b. If the grid perimeter is not plotted, and the user 
wants to start the optimization, a warning window will be shown: 
 
 
A.3.9 Rod Options 
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If the user checks the first box, OLGGA will install ground rods only on the corners 
of the grid. If the user checks the second box, rods will be placed at the corners and op-
timally along the perimeter. 
A.3.10 Aspect Ratio Enforcement 
 
If this box is checked, the aspect ratio of the mesh will be restricted in the range be-
tween 1/3 and 3. (Accuracy of results is only guaranteed if this box is checked. Other-
wise, results will be approximate only.) 
 
A.3.11 2D and/or 3D Plot of the Touch Potential  
 
Checking the first box, the 2D and/or 3D plot(s) will be drawn. 
 
A.3.12 Start the Optimization  
 
Push this button to start the optimization. 
A.3.13 Results of the Optimization  
 
 
The result of the optimization is provided in the Optimal Results panel as shown in 
the figure above. The items in the list are: 
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· Mesh Size X(ft) : The width of the uniform mesh along x-axis. 
· Mesh Size Y(ft) : The width of the uniform mesh along y-axis. 
· Number of Meshes on X : The number of meshes along the x-axis. 
· Number of Meshes on Y : The number of meshes along the y-axis. 
· Number of Rods: The number of rods that are installed. 
· Total Cost ($): The total cost. 
The grid performance is shown below. The calculated values and the allowable values 
of the ground grid resistance, touch potential and step potential are displayed in the Grid 
Performance panel, and shown in the figure below. 
 
The grid will be drawn in the Grid 3D Plot panel. The position where the maximum 
touch potential is calculated is indicated by the solid red circle on the grid plot and its 
coordinates are displayed at the top right of this panel. The position where the maximum 
step potential is indicated by the solid red diamond on the grid plot and its coordinates 
are displayed at the bottom right of this panel. 
 
 
 
The 2D and/or 3D plot of the touch potential will also be drawn only if the user 
chooses the corresponding check box in Step 5. (For L-shaped ground grids and trape-
zoidal ground grids, only the 3D plot can be shown.) 
 
108 
 
A.3.14 Save the Result  
 
After the optimization, The user may save the result to a pdf file by pushing the 
button shown in the figure, 
 
and then the user may name the file and save it to a folder, as shown in the next figure. 
 
Similarly, after saving the results of the optimization, the window below will pop 
up automatically where the user can save a copy the construction parameters used in 
the optimization. 
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A.3.15 Changing Construction Parameters  
 
 
The user can push this button to open the window to change the construction pa-
rameters for the ground-grid currently being optimized. The window opened is shown 
in the figure below. 
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The name of the case and the time and date is shown on the top left corner of the 
window. The listed terms fall into the following categories (listed in order): 
(1) The price: 
· Horizontal ground conductor copper ($/ft)  
· Labor to trench, install cable, and backfill ($/ft) 
· Labor to drive rods up to 10 ft ($/ft) 
· Labor to drill, insert, and backfill rods 11 ft to 40 ft ($/ft) 
· Labor to make exothermic connection cable-to-cable or cable-to-rod ($ each) 
· Exothermic connector material and mold ($ each) 
(2) The Size: 
· Ground conductor diameter (in) 
· Ground rod diameter (in) 
· Bury depth (ft) 
(3) The Constraints 
· Maximum mesh length size (ft) 
· Minimum mesh length size (ft) 
The numbers that appear in the Construction Parameters window text boxes when the 
user opens the window are the values that will be used for the present design optimiza-
tion and for all future designs until they are changed. If the user makes any changes to 
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these numbers via the Construction Parameters window and wants to apply them, the 
user should push the button shown below. 
 
If the user changes these values and closes the program, the program remembers these 
changes, and the next time the program is opened, these applied parameters will be used. 
If the user does not want to apply the changes he made, he may push the cancel button. 
 
and then the changes that the user made will not be applied. 
The button shown below restores the parameters to default parameters. 
 
The Change Default Parameters button allows the user change the default parame-
ters in a new window. The user needs to enter the correct password to open this win-
dow. The password is: SRP. 
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A.3.16  Changing Default Parameters 
After pressing the ‘Change Default Parameters” button, the user can change the 
default parameters in the window that will appear, which is similar to that shown be-
low. After entering any changes, press the Apply New Default Parameters button be-
low. 
 
  
If the Cancel button is pressed, the change will not be applied. To restore the de-
fault parameters to factory default parameters, the Factory Default Settings button 
needs to be pressed and then the Apply New Default Parameters button must be 
pressed. 
A.3.17 Parameters Limits on Nx+Ny 
 
At the time that this MATLAB based program was developed, there was an addi-
tional limit that was used to prevent memory leakage and unacceptable execution time. 
Because of the solution of the dense matrix equation in the mutual resistance sub prob-
lem requires a large amount of RAM, where the amount of storage is a function of the 
parameters Nx and Ny (where Nx and Ny are the number of meshes on x side and y 
side, respectively), a limit was put on maximum value that Nx+Ny can attain. This 
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limit, which may be changed using the change parameters window, is in place to limit 
memory leakage and prevent exorbitant execution times. It has been found experimen-
tally that if x% of RAM is used by the background-processes and active programs, then 
when the MATLAB program is doing optimization, the total amount of memory used 
(in %) should be less than the following to prevent memory leakage and exorbitant ex-
ecution times,  
y%=(2.28/R*100+x)%, 
where R is the number of GB of the RAM that the user's computer has. Notice that the 
value of Nx+Ny for a given design is dependent on many design parameters. The max 
value of Nx+Ny has been set at 100 in the change parameters window to maintain pro-
gram efficiency for the worst case scenario of 4 GB RAM memory as of this writing in 
2016. The upper bound of the memory used by the MATLAB program may be esti-
mated using the following equation. 
The upper bound of the memory used = 8*10-9*(Nx+ Ny)4 GB 
Three changes are expected in the future. 
1. Computers are expected to have more RAM. 
2. Computer architecture is expected to evolve. 
3. MATLAB is expected to recruit SSD memory as additional RAM. 
It is impossible to know whether the equation that sets a responsible limit on the 
percent of RAM used by the app to ensure efficient execution will be valid into the fu-
ture; however, it is hoped that this equation along with the equation that defines the 
maximum amount of memory used by the app will provide some guidance, should the 
user want to increase the Nx+Ny limit through the change parameters window in the 
future. 
Once the equation that represents the memory the app can use becomes antiquated, 
the user can establish the Nx+Ny limit through cut and try methods by using a ground 
grid parameter case that hits the Nx+Ny value. The user can increase the values of a 
combination of the following parameters to cause Nx+Ny to reach its limit: soil model 
resistivity, substation size and fault current. 
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APPENDIX B  
LIST OF SOURCE CODE FILES OF OLGGA AND IMPLEMENTATION 
DIAGRAM 
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The source code files, listed below in alphabetical order along with a summary of 
their function, can be found in the directory where OLGGA is installed. 
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List of Source Code Files 
CDS_trapezoid_s1.m: This is the function that performs segmentation for trape-
zoidal ground grids when the bottom left corner is to the left of the top left corner and 
the bottom right corner is to the right of the top right corner. 
CDS_trapezoid_2.m: This is the function that performs segmentation for trape-
zoidal ground grids when the top left corner is to the left side of the bottom left corner 
and the top right corner is to the left side of the bottom right corner. 
CDS_trapezoid_3.m: This is the function that performs segmentation for trape-
zoidal ground grids when the top right corner is to the right side of the bottom right 
corner and the top left corner is to the right side of the bottom left corner. 
CDS_worst_case.m: This is the function that performs segmentation for square 
and rectangular ground grids. 
CDS_worst_case_LShape.m: This is the function that performs segmentation for 
L-shaped ground grids. 
change_parameters.m: This is the code for the interface that lets the user change 
the construction parameters. 
ConCImag.m: This is the function that calculates the nonlinear constraints for the 
square and rectangular ground grids when the mesh aspect ratio is not enforced. 
ConCImag_ratio_enf.m: The function that calculates the nonlinear constraints 
for the square and rectangular ground grids when the mesh aspect ratio is enforced. 
ConCImag_LshapeL.m: This is the function that calculates the nonlinear con-
straints for the L-shaped ground grids when the mesh aspect ratio is not enforced. 
ConCImag_LshapeL_ratio_enf.m: This is the function that calculates the non-
linear constraints for the L-shaped ground grids when the mesh aspect ratio is en-
forced. 
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cond_num_test.m: This is the function that assigns design variables (e.g., the 
number of meshes along the x-axis, the number of meshes along the y-axis and the 
number of rods) before testing to see if there is a feasible solution within the mesh-as-
pect-ratio range, where OLGGA is accurate. 
cond_num_test_ind.m: This is the function that tests if there is a feasible solution 
within the mesh-aspect-ratio range where OLGGA is accurate. 
coordinate_tran.m: This is the function that does coordinate transformation. 
determine_shape.m: This is the function that identifies the shapes of trapezoidal 
ground grids. 
Ee_single_termcalculation.m: This is the function that calculates each single 
term in the series expansion of the earth potential due to the leakage current on the 
segments on the left leg or the right leg of the trapezoidal ground grid. 
Estep_Point_1.m: This function calculates the earth potential at the first point for 
calculating the step potential, i.e., the corner point of the ground grid, for rectangular 
ground grids. 
Estep_Point_2.m: This function calculates the earth potential at the second point 
for calculating the step potential, i.e., the point exterior to the ground grid 1 meter 
away from the corner on the bisector of the corner, for rectangular ground grids. 
Estep_trapezoid.m: This function calculates the step potential at the corners for 
trapezoidal ground grids. 
Etouch.m: This function calculates the maximum touch potential for square and 
rectangular ground grids. 
Etouch_2D_L.m: This function calculates the touch potential along the diagonal 
line of the square and rectangular ground grids and is used in plotting the touch poten-
tial 2D plot. 
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Etouch_3D.m: This function calculates the touch potential in the square and rec-
tangular ground grids. The output is used to plot the touch potential 3D plot. 
Etouch_3D_L_Shape.m: This is the function that calculates the touch potential in 
the L-shaped ground grid, and the output is used to plot the touch potential 3D plot. 
Etouch_3D_Trapezoid.m: This is the function that calculates the touch potential 
in the trapezoidal ground grid, and the output is used to plot the touch potential 3D 
plot. 
Etouch_L_point_arb.m: This is the function that calculates the touch potential at 
an arbitrary point in the L-shaped ground grid. 
Etouch_trapezoid.m: This is the function that calculates the touch potential for 
trapezoidal ground grids. 
feasibility_test.m: This is the function that checks whether there is a feasible so-
lution or not. 
feasibility_test_M3.m: This is the function that checks the feasibility and returns 
the performance (i.e., touch and step potentials and their respective safety limits) of 
the design. 
find_corner_center_points.m: This function calculates the coordinates of the 
centroids of the corner meshes of the L-shaped ground grid. 
find_Estep_values.m.m: This function returns the step potential values at the cor-
ners of a L-shaped ground grid. 
find_Etouch_values.m: This function returns the touch potential values at the 
centroids of the corner meshes of a L-shaped ground grid. 
Find_Maximum_Et.m: This function returns the maximum touch potential and 
the coordinates of the point where the maximum touch potential occurs for a trapezoi-
dal ground grid. 
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Find_Positions_Et_s1.m: This function returns the coordinates of the point where 
the touch potential is calculated in a trapezoidal ground grid when its bottom left cor-
ner is to the left side of its top left corner and its bottom right corner is to the right 
side of its top right corner. 
Find_Positions_Et_s2.m: This function returns the coordinates of the point where 
the touch potential is calculated in a trapezoidal ground grid when its bottom left cor-
ner is to the right side of its top left corner and its bottom right corner is to the right 
side of its top right corner. 
Find_Positions_Et_s3.m: This function returns the coordinates of the point where 
the touch potential is calculated in a trapezoidal ground grid when its bottom left cor-
ner is to the left side of its top left corner and its bottom right corner is to the left side 
of its top right corner. 
memory_speed_test.m: This is the function that checks whether memory leakage 
us likely to occur and whether the optimization will finish within an acceptable time. 
Non_Linear_Con_Trapezoid.m: This function calculates the nonlinear con-
straints for trapezoidal ground grids when the mesh aspect ratio is not enforced. 
ConCImag_LshapeL_ratio_enf.m: This function calculates the nonlinear con-
straints for trapezoidal ground grids when the mesh aspect ratio is enforced. 
NRODmax_standard_trapezoid.m: This function calculates the maximum al-
lowable number of rods for the trapezoidal ground grids. 
objfun.m: This is the objective function for square and rectangular ground grids. 
objfun_Lshape_new.m: This is the objective function for L-shaped ground grids. 
objfun_trapezoid.m: This is the objective function for trapezoidal ground grids. 
OLGGA_v1: This is the code for the GUI main window. 
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Passworddlg.m: This file contains the code for window where the password is 
entered. 
ResMatrix.m: This function calculates the mutual resistance matrix for square, 
rectangular and L-shaped ground grids. 
ResMatrix_trapezoid.m: This function calculates the mutual resistance matrix 
for trapezoidal ground grids. 
SBNUM.m: This function uses the Rectangle Rule defined in Chapter 2 to calcu-
late each single term in the series expansion of the mutual resistance between a seg-
ment on the left or right leg and another segment for trapezoidal ground grids. 
SBNUMSIMP.m: This function uses Simpson’s Rule defined in Chapter 2 to cal-
culate each single term in the series expansion of the mutual resistance between a seg-
ment on the left or right leg and another segment for trapezoidal ground grids. 
SBPARL.m: This function calculates each single term in the series expansion of 
the mutual resistance between two parallel segments. 
SBPERP.m: This function calculates each single term in the series expansion of 
the mutual resistance between two perpendicular segments. 
SegmCond.m: This function returns the segment length for square and rectangu-
lar ground grids. 
SegmCond_Lshape.m: This function returns the reference segment length on 
each side of a L-shaped ground grid. 
segment_trapezoid.m: This function returns the reference segment length for 
trapezoidal ground grids when the bottom left corner is to the left side of the top left 
corner and the bottom right corner is to the right side of the top right corner. 
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segment_trapezoid_s2.m: This function returns the reference segment length for 
trapezoidal ground grids when the bottom left corner is to the right side of the top left 
corner and the bottom right corner is to the right side of the top right corner. 
segment_trapezoid_s3.m: This function returns the reference segment length for 
trapezoidal ground grids when the bottom left corner is to the left side of the top left 
corner and the bottom right corner is to the left side of the top right corner. 
setting_default_parameters.m: This is the source code of the GUI window 
where the user can set the default parameters. 
show_the_rod_positons.m: This function returns the maximum allowable num-
ber of rods for square, rectangular and L-shaped ground grids. 
SUBNUMRM.m: This function calculates the mutual resistance between any two 
segments that are not parallel or perpendicular to each other. 
SUBQRM.m: This function calculates the mutual resistance using the Point-Point 
model. 
SUBRM.m: This function calculates the mutual resistance between two segment 
that are parallel or perpendicular to each other using the Line-Line model. 
sum_calc_xy.m: This function calculates the coordinates of the centroid of each 
corner mesh. 
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Implementation Diagram 
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APPENDIX C 
OLGGA INSTALLATION INSTRUCTION  
CONTAINED IN THE README.TXT FILE 
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OLGGA INSTALLATION INSTRUCTION 
CONTAINED IN THE README.TXT FILE 
 
Step 1. Install MATLAB COMPILER RUNTIME (MCR) following the process 
of the installation wizard. MCR is available on the following website: 
http://www.mathworks.com/supportfiles/MCR_Runtime/R2013a/MCR_R2013a_win64_installer.exe 
 
Step 2. Copy the folder called OLGGA located in the directory where this re-
adme.txt file is located to the directory chosen by the user. 
 
Step 3. Open OLGGA.exe in the pasted folder to use OptimaL Ground Grid Ap-
plication. 
 
 
 
 
 
 
 
 
 
 
 
 
 
